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Chapter 1 



INTRODUCTORY CONCEPTS 

The notion of electric charge has grown as a consequence of man's 
observations of a large number of phenomena, from lightning to the electric 
shock obtained by touching a metallic object after walking on a thick rug. 
Electric charge, as a property of electrons and protons, is a major building 
block of nature. The atom’-- theory of matter, at least in its simple form, 
is known to every schoolboy. 

It has been known for more than two centuries that objects, which we 
now describe as being electrically charged, exert forces of attraction or 
repulsion on each other. The far-reaching consequences of these forces 
pervade almost all aspects of modern life — from electrically-powered in- 
dustrial and home machinery to telephonic communication, to radio and tele- 
vision, to devices for medical diagnosis and treatment, to the guidance and 
control of space vehicles. A highly satisfactory explanation of these forces 
has been achieved through inventing the concept of electric charge . 

Quantitative laws have been discovered which relate the behavior of 
charged bodies to their configuration, their positions- and orientations, 
and their states of motion. Application of these laws by engineers has led 
to the development and design of a host of useful accomplishments — from 
communication using laser beams to microwave broiling of hamburgers. 

1-1. Coulomb 1 s Law 

The basic amount of charge is that of an electron. However, this is so 
small compared to charges whose effects are observable in the world of the 
laboratory that it is not chosen as a unit of measure. In the rationalized 
MKSC (meter -kilogram -second-coulomb) system of measurements the unit of charge 
is called the coulomb , named after a Frenchman who first gave a quantitative 
relationship for the force of attraction or repulsion of one electric charge 
on another. This quantitative relationship, called Coulomb * s law , was also 
named after him. It states that the algebraic value of the force on a small 
stationary electric charge due to another small stationary electric charge 
Qg is proportional to ^ and Qg and inversely proportional to the square of 
the distance r between the charges. 
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The constant of proportionality is dependent on the medium in which the 
charges are located. (We assume that they are located in a homogeneous medium* ) 



2 In the rationalized MKSC system the constant is chosen so that the force is 

l/4jte newtons for two * identical charges of 1 coulomb each separated by a distance 
of 1 meter in vacuum, e is called the permittivity of the medium. When the me- 

n n — n~-12 * 



This expression represents the algebraic value of the force. But force is a 
vector quantity and has direction also. The direction of the force exerted on 
a charge by charge ^ is along a line directed from ^ to It is not nec- 

5 essary to specify whether and are positive or negative; it is only necessary 
to treat the charges as algebraic quantities. Note the order of the subscripts on 
F ; the first subscript specifies the charge, which is exerting the force, 
the second subscript specifies the charge, on which the force is exerted. 

6 When more than two charges are present in a region the total force on a 
given charge is the resultant of the individual forces due to all of the other 
charges. Since each of these individual forces is a vector, the resultant must 
be composed as a vector sum. We shall designate vectors by putting an arrow 

7 above the symbol; a vector force is designated F. 

1-2. Electric Field „ ^ 

If we single out a charge and consider the force F on this charge due 

8 to all other charges Q^, Qg, 0^* we have an expression 



Recognition of this relationship was an important factor in identifying electro 
magnetic radiation (radio waves) as the same thing as light. 



ri-jnm is vacuum the symbol is written €q and has the value 8 . &p x 10 
3 Thus, Coulomb s law is written 
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is related to the speed of light, c, by the relationship 4 jte Q = 10 /c . 
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where F^q is the force on due to charge 
Qg, etc. Each of these partial forces is proportional to according to 
Coulomb's law. Hence can be factored from each term of the sum and the 
result can be written 
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is the force on 
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due to 



% » ^ E (1-4) 

where E is the vector summation of all the terms after has been factored. 

a . v 

We see that E *« the force on charge ^ per unit charge . It does not 

depend on by Coulomb's law it depends on all the other charges and on 

their distances from Q^, as well as on the permittivity of the medium con- 
taining the charges. We call it the electric field . The presence of this 
electric field is not dependent on the presence of G^, which is simply a test 
charge placed somewhere to see if there i£ a force on an electric charge at 

that point. If we were to double the value of the test charge (^, the value 

of the force on it would be doubled, by Coulomb's law, assuming that this 
very doubling of the charge did not change the positions of all other charges . 
But a doubled force divided by a double charge leads to the same value of E. 

If the location of is changed without changing the locations of any other 
charge, the value of r to use in Coulomb's law for each charge will change 
and, hence, the electric field will change. In a region containing charges, 
then, the electric field varies from point to point. 



1-5* Potential Difference and Voltage 

7 Now consider a charge ^ placed in an electric field. (This is a short- 

hand way of saying "placed in a region in which there is a force on an elec- 
tric charge at any point.") Since there is a force on it will tend to 

move unless there is a restraining force preventing the charge from moving. 

a 

o Suppose there is no other force except that due to the field E, and the 

charge moves a certain distance. Work must be done in moving the charge and 
the amount of this' work equals the distance moved times the component of 
force along the line of motion. Consider the diagram in Figure 1-1. Suppose 
9 ^ moves a distance & from point to P^ in a straight line. 
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We might he tempted to say the work done is i times (^E (the magnitude of the 
vector) times cos 0, where CLE cos $ is the component of the force on Ql. along 



the line of motion. But since E may not 
point as the charge moves, its component 
change from point to point. To overcome 
ential work done in moving along a small 
direction of E does not change over this 
to find the total work. Thus, 



have the same direction from point to 
(E cos 6 ) along the line of motion might 
the difficulty, we must find the differ - 
displacement, d^, assuming that the 
small distance. Then, we must integrate 



Work done by the electric 
field in moving a charge 
from P^ to 




( 1 - 5 ) 



where E and cos 6 can change from point to point along the path. 

Now, the potential energy that is available to do work by virtue of the 
fact that is in an electric field has been decreased. (This is analogous 
to a body falling down a hill. The gravitational force exerted on the body when 
it is at the top of the hill is doing work ‘as it falls. But all the while, the 
potential energy which was available is decreasing until, when the body reaches 
the bottom of the hill, it cannot fall any more and its potential energy is 
reduced to zero.) Returning to the integral in Eq,. (l-5 ), we see that the work 
done represents the decrease in potential energy as moves from P^ to P^. If 
we divide by we find 



Decrease in potential energy per unit 
charge in moving a charge from P^ to P^ 




E cos & 



k 



( 1 - 6 ) 



This quantity is extremely important . In order to avoid having to say all 
those words on the left side every time we want to refer to it, it is given 
a name $ it is called the potential difference . More specifically it is the 
potential decrease from P^ to P^. 

Normally it is a difficult job to calculate the magnitude and direction 
of the electric field at all points along a path spanning two points between 
which it is desired to know the potential difference. Fortunately, in much 
of the study of electrical engineering it is not necessary to do this since 
other relationships can he used besides this integral. 

We shall use the term voltage to stand for the potential decrease as 
calculated from the above integral. By definition, then, the voltage across 
two points and P^ is the decrease in potential energy per unit charge 
when a charge moves from P^ to P^. 

Although the preceding discussion was carried out in terms of the elec- 
tric field as the agency which exerted force and did work, the resulting 
definition of voltage is more generals the work can be done by the field or 
by an external agency, like gravity. Hence, the decrease in potential energy 
may turn out not to be an actual decrease at all, but an increase. Equation 
(l-6) takes this into account, as the resultant voltage is an algebraic quan- 
tity and may vary in sign. That is, when the potential energy per unit 
charge is actually increased, the decrease in potential energy is negative . 

We shall use the symbol, v, to stand for voltage. Since the definition 
involves two points there must be some way of designating from which point 
to which point the integration in Eq. (l-6) is to be carried out. In Figure 
1-2 two points a and b are shown, the voltage between which is under dis- 
cussion. 

a b a b 

• t • • 

V ab 

Figure 1-2. 

If we go from a to b in the definition of voltage, we will label it v 
Thus, v ^ is the decrease in potential energy per unit charge when a charge 
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1 moves from a to b. In a particular situation this number may turn out to be 
positive or it may be negative. If the number is positive, it means that there 
is actually a decrease in potential energy in going from a to b. If negative, 
this means that there is actually an increase in potential energy in moving from 

2 a to b. In either case we get the required information about the state of poten- 
tial energy. 

• Another way of designating from which point to which point in the integra- 
tion of Eq,. (1-6) is to use some marking, as in the third part of Figure 1-2. 

3 A + sign is placed at the point from which we integrate and a - sign at the point 
to which we integrate . Thus , if we write v and put a plus sign at a and a minus 
sign at b we mean v ^ (Of course, only the plus sign is enough $ once you know 
which point carries the plus sign, then you know the other point carries the minus 

^ sign.) 

In discussing Coulomb* s law we pointed out that the relationship holds for 
stationary c har ges . (The term electrostatics is used to designate this branch of 
the subject. ) However, to determine the voltage we talked about moving a charge 

5 from one point to another. How can these two notions be reconciled? Actually, 
in moving a charge about in a field we must think of motions carried out with 
infinitesimally small velocities, otherwise kinetic energy will have to be con- 
sidered an d we no longer have an electrostatic situation. But just what is an 

6 infinitesimally small velocity? This is really hard to answer. By this phrase we 
shall mean, so small that the kinetic energy can be neglected compared with the 
potential energy involved. To imply that there is some non-zero velocity but that 
the results based on the static case still apply, the term quasi -static conditions 

7 is usually used. In everything we consider here we often use the term static al- 
though we shall be dealing with quasi-static conditions. 

In discussing the moving of a charge from one point to another, no considera- 
tion was given to the path of motion. Thus, in Figure 1-3 a charge can move from 
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a to b along either of the paths shown, or along any number of other paths. 

If the notion of voltage is to have a useful meaning, either one of two 
things must he true about the path taken in going from a to bs either the 
result must he independent of the path taken — that is, it will he the 
same no matter which path is taken — or a particular path is specified and 
we pgree always to take that path. 

Although we shall not do so here, it is an easy matter to show that for 
the electrostatic case (charges stationary), the work done in moving a charge 
between two points is independent of the path taken. The same thing.- is true 
even in the case when charges are moving, provided that the resulting cur- 
rents axe constant with tile so-called direct current (dc)o Xn these 
cases the term "voltage’’ will have an unambiguous meaning. (Note that in 
the case of gravitational force a similar result is obtained. That is, if 
we ta ke a stone falling down a hill, its decrease in potential energy after 
falling a certain vertical distance is the same no matter how it bounded 
around in falling that distance.) 

But we are also interested in situations where the currents do vary 
with time. In such cases the result of the integration in Eq,. (l-6) vill 
depend on the path taken. But even in these cases we can make the term, 
"voltage", meaningful by agreeing as to the path taken. From previous studies 
you are no doubt familiar with the fact that electric currents are accompanied 
by magnetic fields . (Further discussion of this subject will take place in 
Chapter 4-.) If the currents axe time -varying, then so also vill be the re- 
sulting magnetic field. In order to deal with such a situation, we assume 
that all time -varying magnetic fields are localized; that is, they are 
lumped or concentrated in one or more devices, as shown in Figure 1-4, and 
the effects produced are accounted for at the terminals of the lumped device. 



path between P 
terminals / 
on the | 

exterior of I 
the device \ 




b 



O 

changing 

magnetic 

field 

localized 

here 

■O 



Figure 1-4. 



We agree never to choose a path between the terminals a-b that goes inside the 
device,, but always to take a path outside the device. With this agreement the 
notion of voltage between a and b will again be meaningful. 



1-lf. Current 

If electric charges were all stationary, they would be of very little inter- 
est to anyone. They give rise to important observable electric phenomena when 
they are in motion. Electric charge in motion constitutes a current . Before we 
define current more carefully, note that both negative and positive charge can 
be moving, and that each can be moving in any direction. 

In developing a definition of current, suppose we consider charges moving 
along a discrete path, like a conducting wire. Suppose further that only positive 
charges are moving and we count the amount of charge passing a particular cross 
section of the wire in a given time interval, say half an hour. We can then say 
how much charge came by in the half hour, but we won’t know whether it came across 
faster over part of the time and slower over the rest of the time, or whether the 
rate at which the charge passed the cross section was the same for the whole inter- 
val o To remedy this situation we can make the observation interval s mall er and 
smaller. Suppose we take the observation interval to be 2 seconds. We can add 
up the amount of charge coming by in each 2-second interval. The average rate of 
passing of the charge equals the amount per 2-second interval . divided by 2. But 
still we can't say anything about the rate of flow within e:,ch interval, whether 
it speeded up or slowed down as the interval of time progressed from 0 to 2 seconds 
Suppose we make the observation interval still smaller, say At, and we find the 
amount of charge passing a cross section during this interval to be Aqv The aver- 
age rate over the time At at which charge is moving past a given cross section is 
then Aq/At. In the limit as we let the observation interval get smaller and 
smaller, we define the electric current i to be 



i 




lim 

At—^O 



At 



(1-7) 



Current has the dimensions of coulombs per second and its unit is the ampere . 

But, "moving past a cross-sectional area" can be in either one direction or 
the other. So we arbitrarily choose a particular direction as our reference. If 
positive charges go past a cross section in that direction we say the current is 
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positive $ if they go in the opposite direction, we say the current is negative. 

But how about negative charges? Suppose a positive and a negative charge 
of equal magnitude move at the same rate in the same direction. The net flow 
of charge will be zero. This means that a negative charge moving in one 
direction is equivalent to a positive charge of equal magnitude moving in 
the opposite direction. It is, therefore, unimportant to know vhe+' **r the 
current is caused by the motion of positive charge or negative charge or 
both • 

To summarize: when charges are flowing in a discrete path, we arbi- 

trarily assign a direction to be the reference direction. We designate the 
current to be positive over a time interval if during this time positive 
charges are moving in the reference direction or negative charges are moving 
opposite to the reference direction. The reference direction is indicated 
by an arrow drawn beside the path of charge flow. 

In Figure 1-5 is shown a graph of current carried by a wire as a func- 
tion of time. The reference direction of the current is shown as being to 
the right . 





(reference direction) 



(b) 



It is required to answer the following questions: 

1. In what direction are positive or negative charges moving in the 
wire over the interval from 0 to 5 seconds ? 

2. How much charge and of what sign has passed a cross section of 
the wire toward the right after 1, 2 and 5 seconds? 

(Try to answer these questions before reading on. ) 
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1. The reference direction is to the right. When the current is positive, 
positive charge is actually moving to the right. When the current is negative, 
positive charge is actually moving to the left. Thus, from 0 to 2 seconds posi- 
tive charge is actually moving to the right and from 2 to 5 seconds positive 
charge is actually moving to the left. Since negative charge moving in one di- 
rection is equivalent to an equal positive charge moving in the other direction, 
the same result in each of the intervals can he described in terms of a negative 

t 

charge actually moving in a direction opposite to the direction in which the 
positive charge is moving. 

2. Since current is the time derivative of charge transferred, then the 
amount of charge must he equal to the integral of current. 

t 

q. = f i dt (1-8) 

0 

An integral can he interpreted as the area under a curve. Hence, after 1 second 
the area under the curve (Figure 1-5) is 2 times 1 ampere-seconds *= 2 coulombs. 

It is positive, so a net positive charge has passed to the right, or a net nega- 
tive charge has passed to the left. At 2 seconds, the current is zero hut the 
area under the curve from 0 to 2 is not; it is 2 + 1 * 5 coulombs. (Positive 
charge to the right or negative charge to the left.) From 2 to 5 seconds the 
current is negative, so the net area under the curve is being reduced; *it is 
5 - 3 x l/2 s 3/2 coulombs. 

In order to avoid having to say "positive charge to the left, negative charge 
to the right” in describing a current, we will henceforth assume that only posi- 
tive charges are involved. So, when a current is positive, we will say that 
charge (meaning positive charge) is actually flowing in the reference direction; 
and when a current is negative, charge (meaning positive charge) is actually 
flowing opposite to the reference direction. 

1—5* Kirchhoff * s Laws 

(Read the programmed booklet titled “Kirchhoff ‘s Laws” for further instruc- 
tion in the subject of this section. ) 

Kirchhoff *s current law is a statement expressing the fact that electric 
charge cannot accumulate at a node or be generated there. Figure 1-6 shows four 
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Figure 1-6, 



branches joined at a node. The branch currents are each arbitrarily 
assigned a reference direction shown by an arrow alongside the branch. 
Kirchhoff *s current law can be stated in the following forms: 

1. The algebraic sum of all current leaving any node (or junction) 
is zero at each instant of time (for the example, -i^ + i^ + i^ - i^ ** 0); 



or 



2. the algebraic sum of all currents entering any node is zero at 
each instant of time (for the example, i^ - i g - i^ + i^ » 0)j or 

3 . the sum of currents with references directed toward a node is 
equal at each instant of time to the sum of currents with references di- 
rected away from the node (for the example, i^ + ij^ * ig + i^)« 

In the first form, the node reference is 'leaving* while in the second 
form the node reference is 'entering*. In either case, if a branch refer- 
ence coincides with the node reference , the corresponding term will carry 
a negative sign in the mathematical expression^ if a branch reference is 
opposite to the node reference, the corresponding term will carry a nega- 
tive sign. 

Figure 1-7 shows a network having 4 nodes. (For simplicity the rec- 
tangles are omitted but every line shown represents a branch, not just a 
connection.) A reference direction for each branch current is arbitrarily 
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Figure 1-7 . 



picked. It is desired to apply Kcl and write a set of equations, one for each 
node. We shall do this, taking 'leaving* as the reference for each node*. The 
result is the following. (You should write your own set of equations and check 
against these. It doesn't matter if your terms are not in the same order.) 

For node a: i^ + i^ + i^ + i^ « 0 



For node b: -i^ - i 



-S + *6 



For node cs 
For node ds 



- i» 



- i^ + 1 



- l. 



+i. 



6 • *7 
- irr 



4 0 

a 0 
a 0 



( 1 - 9 ) 



Additional Comments 



The objective in this problem was simply to give some practice in apply- 
ing Kirchhoff's current law. However, having written the equations, it is pos- 
sible to examine them to see if any additional information can be obtained. 

Notice how the equations have been written, with the terms for a given current 
appearing in a vertical column. Something very curious can be detected: each 

current appears twice in a column, once with a plus sign and once with a minus 
sign. Hence, if the equations are all added, the result will be identically zero ! 
That is, 



Eq. a + Eq. b + Eq. c + Eq. d 
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’Subsections titled' Additional Comment * are for the purpose of introducing those 
who are interested to topics beyond the scope of the material for this course. 
Nb one is required to read these sections, but they will help any who do reach 
a deeper understanding. 
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From this it follows by solving for Eq. d that 



Eq. d = -(Eq. a + Eq. b + Eq. c) 
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Actually, instead of Eq. d, we can solve for any one of the others and dis- 
cover that 

any one of the four equations * negative sum of all the others 

which means that they axe not all independent > if all but one axe known, this 
one follows as the negative sum of the others. Verify this by adding the 
last three in Eq. (l-9) and comparing this sum with the first equation. 

This result , which was found to be true for this example, is actually 
quite general and can be easily demonstrated. That is, for any network hav- 
ing N n nodes, only N q -1 independent equations expressing KLrchhoff's current 
law can be written. There will be more about this in the next chapter. 

We turn next to RLrchhoff *s voltage law . Figure 1-8 shows four branches 
forming a closed path. The branch voltages have each been arbitrarily as- 
signed a reference polarity as shown by the plus sign. 



’ Kirchhoff ' s voltage law states that s 

1. The algebraic sum of all voltages around any closed path in an 



at each instant of time, (in the example, going clockwise, v 1 + v g - v^ - v^ 
or 

2« around any closed path and at each instant of time, the sum of volt 
age.8. with clockwise references is equal to the sum of voltages with counter- 



v. 



l 
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a 



+ 



v 
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Figure 1-8. 



electric network (traversed either clockwise or counterclockwise ) is zero 



clockwise references, (in the example, v 1 + v g « v* + v^„ ) 
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1 In the first form, if a branch reference coincides with the loop reference 
(that is, the plus sign is encountered first when traversing the branch in the 
loop reference direction, which may be either clockwise or counterclockwise), the 
corresponding term will carry a positive sign in the mathematical expression; 

2 otherwise, a negative sign. 

Kirchhoff's voltage law can be taken as a basic postulate. But if we 
consider the electrostatic case only, Kvl foil -ws from the definition of volt- 
age. This is easy to appreciate if we remember that in this case the 'voltage' 

3 is independent of the path. That is, in Figure 1-9 we can. go from a to b along 




either the upper path or the lower path and the voltage (the decrease in poten- 

6 tial energy per unit charge) will be the same: v^ » v^ or v^ - «* 0, which 

is Kvl for Figure 1-9. 

For the general case of lumped networks we agree that in discussing voltage 
we will always take external paths between the terminals of the branches. As 

7 long as we do, it doesn't matter what combination of branches we traverse, the 
voltage between two points will be the same. Thus, in Figure 1-8 the voltage 
from a to b must be the same whether we go directly from a to b or go from a to d 

to c to b. Thus, v i ~ v i|. + v 3 “ v 2 > which can v i + v 2 * v 3 + v 4* 

8 Note that the assumption of a Imped network means that there is no changing 

magnetic flux passing through the closed path in Figure 1-8. x 

The diagram in Figure 1-10 shows a network having three closed paths, or 
ioops, as shown by the dashed arrows. (To avoid confusion, the diagram is redrawn 

9 without the arrows . ) A reference polarity for each branch voltage is arbitrarily 
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Figure 1-10 



3 



assigned. It is desired to apply Kirchhoff's voltage lav to write a set of 
equations, one for each loop. (You should write your own set of equations 
"before going on and check them against the ones "below. Don't worry about 
the te rms in your equations being in a different order from these . ) Here 
is the result. 



5 



loop a: 


V 1 + v 4 


-v 5 = 0 


loop bs 


v 2 + v 5 • v 4 


* 0 


loop c: 


- V 1 ' v 2 * v 3 


+ v_ » 0 
3 



( 1 - 12 ) 



Additional Comments 

6 Let us again examine these equations for any additional info naa t i on. we . - - 
ca n gather from them. Note again that each voltage appears twice in a 
vertical column, once with a plus sign and once with a minus sigh. If the 
equations are all added, the result will, therefore, be identically zero. 

7 From this it again follows that any one of the equations can be obtained, 
once the other two are known. The third equation, for example, the one 
around the outside contour of the network, is just the negative sum of the 
other twOo (Clearly, if this equation had been written in a clockwise 

8 s ens e instead of the other way, it would have been obtained as the positive,, 
sum of the other two equations . ) 

This result, unlike the corresponding one for Kirchhoff ' s current law, 
is not general. In more complicated networks, there are many more closed 

9 paths than there seem to be. For example, in Figure 1-11 only one additional 
branch has been added to the previous network. In addition to the previous 
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Figure 1-11 



3 closed paths , there are now 4 more. Indicating these paths by listing the 
branches lying on them, these closed paths are 5-5-6, 1-2-6, 1 -4-3-6 and 2 -6 -5-4. 
Hence , ‘there are a total of 7 closed paths to which Xvl can be applied. 

For a given network, it is easy to count the number of junctions to find 
how many total Kirchhoff current law equations can be written. Of these, all 
but one are independent. But the situation is different for the number of closed 
paths. In fact, there is no way of telling from the number of nodes or branches 
the total number of closed paths a network will have, short of actually finding 
them all. But fortunately we are not interested in the total number of Kvl 
equations in a network, only in the independent ones; and these it is possible 
to tell. ,If a network has N nodes and branches, then there are (N^ - N +1) 
independent Kvl equations. (w~ shall not prove this result here.) In Figure 1-11, 
for example, there are 6 branches and 4 nodes; hence, there should be - N + 1 • 
6 - 4 + 1 ** 5 independent Kvl equations. Verify this relationship also for 
Figure 1-10. 

Write Kvl equations around loop 1-4-5, 2-3''; and 1-2-6 in Figure 1-11 and 
notice that no one can be obtained from the other two, showing that all three 
are independent. Then write a Kvl equation for any one of the other closed paths 

i * 

and then try to obtain it by certain combinations of the first three equations. 

1-6* Ohm’s Law and Resistance 

(Read the programmed text booklet titled "Ohm's Law and Sources" for further 
instruction in the subject of this section. ) 
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1 } By empirically observing the relationship between the voltage and cur- 

rent in metals, it is found that the current is almost directly proportional 
to voltage. On this basis we introduce the notion of a hypothetical device 
called an ideal resistor whose voltage and current are exactly proportional. 

2 Then, Ohm's law is 

+ v > i 

v Ri (l-13) 

R 

where R is a constant called the resistance whose unit is the ohm. This 

3 relationship applies for the selection of voltage and current references 
shown. If either of these is reversed, the equation will become v - -Ri. 

The reciprocal of resistance is conductance G, measured in mhos . Thus, 

Ohm's law can also be written as 

4 

i « Gv (1-14) 



Physical resistors (the actual physical devices as distinct from the 

5 Ideal models) have properties that diverge more or less from the ideal. Al- 
though other materials, like carbon, are used in the manufacture of resistors, 
most resistors are made of metallic wire. In considering the possible fac- 
tors on which the resistance of a metallic resistor depends, we would no 

6 doubt expect the physical properties of the material — that is, how good a 
conductor it is — to have an influence. Other things being equal, we would 
expect the resistance to be different if one were made of copper or made’ of 
aluminum or steel. And for the same material, we would certainly expect the 

7 geometry or the dimensions of the conductor to be important. Well, it is 
possible to derive an expression for the resistance of a piece of metal by 
using the atomic model for metals and making assumptions on the manner in 
which the electrons move about under the influence of an electric field 

8 and the manner in which the resulting current is distributed within the 
metal. This expression is: 

8 = p | (1-15) 

9 where l is the length of the wire and A is its cross sectional area. The 
quantity p is called the resistivity and is a property of the material. 

(From the equation, you can determine that its dimensions are _• ) 




I*l8 

The resistivity of a material depends on such things as the mass and charge of 
ah electron, the density of free electrons in the material, the average velocity 
with which they move, and the average distance an electron moves before colliding 
with another particle. For our purposes, it is enough to know that there is con- 
siderable variation of resistivity among materials and that resistivities can be 
determined by measurement. Table 1-1 shows the resistivities of a number of 
materials . 

Any condition that influences one or more of the quantities on which the 
resistivity depends (listed above) will have an influence on the resistivity, 
and hence on resistance . One clear condition that is likely to influence such 
things as the average distance traveled by an electron between collisions, or the 
electron density, is a change in temperature. Indeed, it is found empirically 
that the resistivity of materials does depend on temperature . For metals, the 
change in resistivity is approximately proportional to the change in temperature, 
at least near ordinary room temperatures. An adequate approximate expression be- 
tween resistivity and temperature is the straight line: 



p a p Q (1 + off) 



( 1 - 16 ) 



O 



c 



where T is temperature in centigrade, pQ,the resistivity at zero degrees and a 
is called the temperature coefficient of resistivity . Its value for some metals 
is also given in Table 1-1. Note that the same expression describes the temperature 
dependence of resistance as can be verified by multiplying both sides by t/k. 



8 



Example s 

Find the length of aluminum wire having a cross-sectional area of .02 square 

millimeters which is needed to limit to 100 ma. at 0 C the current drawn from a 

12-volt battery (assumed to have zero internal resistance). Also, find the range 

of the value of resistance during \. year if the minimum and maximum temperatures 

are -20° and 35°C. The required resistance is R *» 12/. 1 « 1|0 ohms* From 

Eq. (1-15) the required length is i ■ RA/p * 120 x ,Q2 - - B 91*6 meters; the 

2,62 x 10 

resistivity was tai-n from Table 1-1. Using Eq.'(i-l6) for resistance and taking 



9 a from Table 1-1 we find at the two extremes of temperature 

R . = 120 (1 - 0 .0039 X 20 ) m 110.6 ohms 

min 

R - 120 (l + 0.0039 x 35) ■ 156A ohms 
max 
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Table 1-1 



4 



Resistivity in 
ohm-n bers 



Temperature Coefficient 
of resistivity per 



, n 



Silver 


1.47 x 1(T 8 


5.8 x 10 


jopper (standard 
annealed) 


I.58 


3*8 


Aluminum 


2.62 


3*9 


Tungsten 


5-5 


4.5 


Zinc 


5.8 


3*7 


Nickel 


6.93 


4.3 


Iron 


8.85 


6.2 ' 


Platinum 


11.0 


4.2 


Tin 


11.5 


4.2 


Lead,. 


19.8 


4.3 


Carbon steel 


20 to 50 


2 to 5 


Manganin 


4^.0 


.003 


Graphite 


800 


.075 



o 
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1.7- Power and Energy 

Tlie concept of voltage was introduced by discussing the work done in moving 
a charge from one point to another. Specifically* the voltage is the work done 
when a charge moves in an electric field. This work* or energy * is either ex- 
pended, by the charge as it loses potential energy, or it is performed on the charge 

while moving it to a point of higher potential. 

Consider the network branch shown in Figure 1-12. The branch is carrying 



^ i 

+ —L 

V 

Figure 1-12 



a current i with a voltage v across its terminals. After the passage of some 
time, a net charge q will have been transported through the branch from one ter- 
minal to the other. From the definition of voltage and the reference directions 
shown* an energy w is expended by the charge and this energy is 



The unit of energy is the joule . 

To dete rmin e the rate at which this energy is expended* let the charge in 
question be an incremental charge Aq and let its transfer between the terminals 
of the branch tak e place in At seconds • Then the incremental work done is 
Aw = v Aq. If we now divide both sides by the time increment At and let At >0* 
we will find the rate of expenditure of energy, or the power, to be 

P s ^ aV ^ a vi. (l-l8) 

* dt dt 

Note again that this is energy expended in the branch by the charge. If either 
the voltage reference is reversed or the current reference is reversed* work will 
be done on the charges in moving them to points of higher potential. Thus the 
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power also has a reference direction related to those of current and voltage 
The unit of power is the watt , which is the same as a joule per second. 



Example 

Let the voltage and current in Figure 1-12 he given by the curves shown 
in Figure 1-13. Find the energy expended at the end of 2 and 4 seconds. 

Plot also a curve giving the amount of charge passing through the branch 
as a function of time. 





t(sec) 



8 



Figure 1-13. 

The power is p = vi. From t = 0 to 2, i » 5t ma. Hence 

p ss 5t (t - 4) 2 milliwatts', 

and the energy expended after 2 seconds can be obtained by integrating the 
power . 

2 2 

280 



milli joules. 



w (after 2 seconds) = J 5t(t-4) 2 dt » f (l0t 5 -40t 2 +80t)dt - ^ 

J o J o 

For the period from 2 to 4 seconds, it is first necessary to find the equa- 
tion for i. The straight line has a slope of -5 and passes through the 
point (4, 0). Hence, i = -5 t + 20. At the end of 4 seconds the energy 
will be 280/3 plus the integral of the power from 2 to 4 sec. 



9 
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4 

1 w (after 4 seconds) = + J (t-4) 2 (-5t+20)dt = 

J 2 

k ■ ... 

= 3 + f (“5 t5+6ot2 - 2lK)t+ 520) dt s ^ + 20 * ^p- milliooules . 
2 "2 



The charge is the integral of the current. Thus 
t 

q = f 5 tdt = ft 2 millicoulombs 0 < t < 2 

^0 

2 t 

5t dt + j t(-t4if)dt 

2 jt 

= 10 + 5(-§ + 4t) L = K) + | (t-2)(6-t); 2 < t < If 

In each interval (from 0 to 2 and 2 to 4 secs.) the curves are parabolas . The 
5 complete curve is shown in Figure l-l4. (Verify that the slopes of the two parts 
are the same at t = 2 and that the slope is zero at t = 4, as they should be.) 




9 If the branch in question is a resistor (ideal) the power expended (this 

is; a short way of saying the rate at which energy is expended) becomes, in sub- 
stituting Ohm's law into Eq. (l-l8). 
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2 

D - 2 v « „ 2 

Ri = — ' = G v 
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Example 

Figure 1-15 shows two batteries connected to a 10 ohm resistor. The bat- 
teries are each represented by an ideal voltage source in series with an in- 
ternal resistance. Find the power expended in the 10 ohm resistor and the 
power supplied by each source. Is the principle of conservation of energy 
satisfied in this diagram? 




The voltage v ^ is 6-12 « -6 volts. This voltage appears across a combina- 
tion of resistors whose total resistance is 11.5 ohms* so that the current i 
is -6/11.5 amp. Hence, the power dissipated in the 10 ohm resistor is 



p 

10 i 



10(rr~) = 2.72 watts. 
JJL # 5 



The power entering the ideal 12 volt source is -12 ( yy * -6.25 watts. The 
negative sign indicates that the 12 volt battery is actually supplying power. 
In the case of the other battery, power entering the ideal 6 volt source is 
6(6/11.5) = 3-13 watts. Because the sign is positive, this power is actually 
absorbed . 

To determine the power balance we must also compute the power expended 
in the two internal resistances as well. To summarizes 



power absorbed by 6 volt ideal source 
power absorbed by 10 ohm resistor 
power absorbed by .5 ohm internal resistance v 
power absorbed by 1 ohm internal resistance 

Total 



3»13 watts 
2.72 watts 
0.l4 watts 
6.27 watts 
6.26 watts 



This is equal to the power supplied by the 12 volt ideal source, as it' must 
be if the principle of conservation of energy is to be satisfied. 




Chapter 2 



RESISTIVE AND DIODE NETWORKS 

In the last chapter three hypothetical devices were introduced, and several 
"laws" relating to them. There was an ideal resistor, an ideal voltage source 
and an ideal current source. (The last two will often be abbreviated v -source 
and i "Source Kirchhoff 's two laws and Ohm's law determine the interrelations 
of voltage and current in a network containing interconnections of these three 
devices . 

Practical resistance circuits involve the interconnection of devices which, 
in general, are non-ideal. That is, the v-i curves of resistors are not ex- 
actly linear , the potential difference at the terminals Of sources is never 
exactly independent of current (as required for an ideal voltage source) nor is 
the current of a source exactly independent of voltage (as required for an ideal 
current source). Nevertheless, there are many cases where resistors have very 
nearly linear properties, and where actual sources can be represented by equiv- 
alent circuits consisting of combinations of resistors and ideal sources. In 
these cases, actual circuits can be represented on paper by ideal circuits, and 
their behaviors can be analyzed and predicted by methods developed in this 
chapter . 

We shall discuss procedures developed by the application of these basic 
relationships in various ways. Our interest will be in computing the voltage 
or current in a branch of a network, or the power dissipated in a resistor or 
supplied by a source, when the network itself is given. We are also interested 
in the converse process, that of determining what a specific resistor value, or 
source voltage or current, must be in order that a particular branch voltage or 
current or power take on a specified value. This is a problem in design » or 
synthesis . as opposed to the previous problem of analysis . 

2-1. Series Circuits and Voltage Dividers 

A number of branches are said to be in series if they are connected end- 
to-end such that the current in each branch is the same. Thus, Fig. 2-1 shows 
a series circuit of three resistors and two voltage sources (one constant, and 
one variable with time) connected so that the current in each element is the 
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Fig. 2-1 A Series Circuit 



same. This relationship of the branch currents automatically satisfies Kirchhoff ’s 
current law at the Junctions "between branches. There is a s in gle closed path around 
which Kirchhoff* s voltage law can be applied. As each voltage term is being written 
for a resistor* Ohm's law can be applied. With the current reference shown in 
Fig. 2-1* this simultaneous application of Kvl and Ohm's law leads to 



Rji + Rgi + V Q + R^i - v « 0 



( 2 - 1 ) 



which can be solved for the unknown current. Thus* 



O 



v - V, 



1 = 



R l +R 2^3 



( 2 - 2 ) 



Once the current is known* the voltage across any resistive branch follows from 
Ohm’s law. 

Now refer to Fig. 2-2, Applying the same technique of analysis* the current 
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Fig. 2-2 A Voltage Divider 



is easily found to be i » v/(R 4R ). The voltage across each of the resistors* 

JL C 

with the references shown* can be written 
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R, 



R, 



V 1 “ R n +R, 



12 



V R 2 



(2-3) 



The structure shown in Fig. 2-2 is called a voltage divider ; the branch voltage 
expressions in Eqs. (2-3) are said to he the voltage divider formula . It can be ] 
remembered as a proportionality as follows : " The voltage across one resistor of j 

a series combination is to the total voltage what the value of that resistance 
is to the total resistance." 



2-2. Parallel Networks and Current Dividers 

A number of branches are said to be in parallel if their branches are con- 
nected so that the same voltage appears across each branch. Figure 2-3 shows a 
parallel network. This relationship of equal branch voltages automatically 
satisfies. Kirchhoff's voltage law around the closed loops formed by the parallel 
branches. A single independent relationship is obtained by applying Kcl. As 
each current term is written for a resistive branch. Ohm's law can be applied. 
With the voltage reference shown in Fig. 2-3 this simultaneous application of 




Fig. 2-3 A Current Divider 



Kcl and Ohm's law leads to 



V V 

-i + 5- + 5- = 0 
K 1 R 2 



(2-4) 



or, in terms of conductances. 



- i + G-jV + GgV « 0 



(2-5) 



Solving for the voltage leads to 



i R 1 R 2 , 
v * r - e* — T j r- l 



G l +G 2 R l +R 2 



( 2 - 6 ) 
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It is seen that the equivalent resistance R of two resistors connected in 
parallel is given by 



R 



R i R g 

R l +R 2 



(2-7) 



In terms of conductances, the equivalent conductance G has the simpler form 



G = 





( 2 - 6 ) 



The current in each resistive branch in Fig. 2-3 is easily found from the 
voltage in Eq. (2-6) to be 



1 V°2 



■v 
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R, 



(2-9) 



2 ,V^2 



V 



*1*2 



v 



(b) 



The structure of Fig. 2-3 is called a current divider . The current divider 
formula can be easily remembered as a proportionality: " The current in one 

resistor of a parallel combination is to the total current what the value of 

\ 

that conductance is to the total conductance . " 



2-3. Network Solution by Equivalent Source Transformations 

We have found it a simple matter to find all branch voltages and currents 
in two network structures : a series circuit and a parallel combination. Suppose 

a network is given having a structure other than a simple series or parallel ar- 
rangement, and that a particular branch voltage or current is to be found. If 
the structure could be converted to a series or parallel arrangement cont a inin g 
the branch in question, the rest would be simple. 

As one step in such a conversion, consider the two networks shown in Fig. 24s 
an ideal voltage source in series with a resistor and an ideal current source in 
parallel with a resistor. It is assumed that there is a branch (not shown) connected 
between terminals a and b in both cases, so that there is a current i and a voltage v 
at these terminals. It is desired to find the conditions on v^, i^, R^ and R for 
these two configurations to be equivalent at the te rminals . By this is meant that 
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Fig. 2-4 Equivalent Sources 



the relationship "between the terminal voltage and current is to he the same for 
the two networks, independently of the load, connected at the terminals. 

Applying Kvl and Ohm's law in Fig. 2 -4a, and Kcl and Ohm's law in Fig. 2 -4b, 
there results 
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(a) 

( 2 - 10 ) 
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Assuming identical loads, the two voltages should be equal if the two networks 
are to be equivalent . Equating them leads to 



(v 0 - Ri 0 ) + l(R-R 0 ) - 0 (2-11) 

7 If the equivalence is to be independent of the load connected at the terminals t 
this relationship must be valid for all values of i. This will be true only if 



R = R 0 (a) 

8 ( 2 - 12 ) 

v 0 “ Vo or *0 - V 0 /fi 0 (b) 

That is to say, the two configurations in Fig. 2-4 are equivalent if the 
9 two resistors are the same and the voltage source is related to the current source 
by v Q « * Figures 2-4a and b are respectively called a voltage source 

equivalent , and a current source equivalent . Note that these terms apply to the 
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1 ideal source together with the resistor, not the ideal source alone. Reference 
may "be made to Chapter 1, to provide a reminder as to how these equivalents relate 
to actual sources. 

With this equivalence, it is possible to reduce a given network to a series 

2 circuit or a parallel combination. The process will be illustrated by means of 
the network in Fig. 2-5* lb is desired to find the voltage v across the 20 -ohm 



3® & 




resistor. The approach will be to convert the network to a series circuit con- 

5 taining the 20 -ohm resistor. 

The first step is to replace the combination of the current source and the 
10 -ohm parallel resistor by its voltage source equivalent— an ideal voltage source 
10 i in series with 10 ohms, (if it is confusing to have a voltage source which 

6 seems to have a current designation, remember that lOi has the dimensions of 
resistance times current.) The 10 ohms in series with the 30 -ohm resistor gives 
an equivalent resistance of 40 ohms. The series combination of this 40 ohms and 
the lOi voltage source is then converted to its current source equivalent, as 

7 shown, in Fig» 2 -6b. The 24 ohms equivalent resistance of the 40 ohms and 60 ohms 
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Fig. 2-6 
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in parallel together with the i/4 current source is now converted to their volta£ 
source equivalent, as. shown in Fig. 2 -6c. Finally, application of the voltage 
divider formula leads to the desired voltage, v. 

20 

V °20 V6 + 2l> 6l ° g - lti 

Since the structure of the original network is destroyed, it is not possible 
from the final form in Fig. 2-6 to determine other branch voltages and currents. 
However, once the desired voltage has been computed, it is possible to return to 
the original network to find any other desired voltage or current. Thus, sup- 
pose it is desired to find the current in the 30 -ohm resistor in Fig. 2-5* With 
v known, the current in the 20 -ohm resistor (v/20) is known. But this is the 
same as the current in the 6 -ohm resistor. The voltage across the 60-ohm resistc 
equals the sum of the voltages across the 6- and 20-ohm resistors (6v/£o+v= 13 V^) 
by Kvl. Hence, the current in the 60-ohm resistor becomes known by Ohm's law 
(l3v/lO divided by 6o). Finally, Kcl gives the desired current in the 30 -ohm 
resistor (i^ * i^ + v/20 » 13v/600 + v/20 » 43v/600). 

Returning to Fig. 2-26c, note that everything but the 20 -ohm resistor has 
been replaced by a voltage source in series with a resistor. Although this was 
demonstrated by an example, it is a general result which can be stated as follows 

A network consisting of ideal current and voltage sources and linear resistc 
can be replaced at a pair of terminals by ah equivalent consisting of a single 
voltage source and a single series resistance. This circuit is called a Thevenir 
equivalent , the source being the Th^venin equivalent voltage and the resistor 
being the Theveiiin equivalent resistance . 

Since it has already been demonstrated that a current source in parallel 
with a resistor can be made equivalent to a v -source in series with the same 
resistor, it follows that this configuration (an i -source in parallel with a 
resistor) can be equivalent to any network of sources and resistors at a pair of 
terminals. This new configuration is called a Norton equivalent . The equivalenc 
is illustrated in Fig. 2-7* 

Only one process- converting from one source equivalent to an other— 
has been described here for arriving at a Th&venin or Norton equivalent. 

However, other methods also exist but we shall not consider them here. 

The method described here depends on having each voltage source in a network 
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Rig. 2-7 



appear with a series resistor and each current source with a parallel resistor. 
What happens if a source is initially "hare;” that is, no resistor in series 
5 with a voltage source or in parallel with a current source? Well, this question 
does have a favorable answer hut discussion of it will he postponed to Sec. 2-6. 
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2-4. Loop Equations 

The preceding method of solving network problems proceeds by converting 
the structure of the given network into a simple form. We shall now discuss 
a procedure that uses the three basic relationships— Rvl, Kcl and Ohm's law- 
in a particular order, thereby arriving at a set of equations. These equations 
are then solved, thereby determining all voltages and currents in the network* 

In this method, the structure remains intact. 

The procedure will be illustrated in terms of the network in Rig. 2-8 (p. 2-10) 
which is a Slight modification of that in Rig. 2-5. The voltage source v 
takes the place of lOi in that network. There are 4 resistors in this net- 
work and so 4 resistive branch currents. However, by applying Kcl at the 
nodes of the network, two of the branch currents can be solved for in terms 
of the others, (it is trivialy noted that the 6 ohm and 20 ohm resistors 
are in c cries so their currents are the same. If Kcl is applied to the node 
Joining these two resistors, the same conclusion will follow.) An expression 
for the current in the 66 ohm resistor, labeled i^ in the diagram, is obtained 
from kcl as i_ e i, - i n . 

0 ± d 



The next step is to apply Kvl around the closed paths, or loops, in 
the network. In the present case there are a total of three loops, the 
two inner "meshes” and the outside contour, hut the Kvl equation for any 
one of them can he obtained from the other two, so only two of them are 
independent. To write Kvl, we need to choose voltage references. Let us 
agree to choose all resistive branch voltage and current references with 
the plus sign at the tail of the arrow. ( + ~VVW~) Then Ohm’s law will 
always he written with a plus sign. Now, as we write Kvl around a loop, we 
mentally replace each voltage by a term of the form Ri with the appropriate 
R and i. Thus, writing Kvl around the two inner meshes, we get 



40i n + 6o(i- - i ) - v m 0 

1 1 2' g 

6i 2 + 20i 2 - 6o(± 1 - i 2 ) • 0 



( 2 - 1*0 



Upon collecting terms and transposing v , these become 

g 

100 i, - 60 i o *» v 

J. d g 

( 2 - 15 ) 

-66i^ + 86ig ss o 

This pair of linear algebraic equations in two unknowns can be 
solved by Cramer’s rule in terms of determinants, or by elimination. 

The solutions are 

i, * .0172 v 

1 g 

(2-16) 

i 0 * .012 v 

2 g 

Once i^ &nd ig are found, then all other branch currents become known j 
by Ohm’s law, all branch voltages can then be determined. Thus, the voltage 
across the 20 ohm resistor will be 20i g a .2*J-v . This is to be compared 
with the value determined previously in Eq. (2-13), remembering that v 
here replaces lOi there. ® 

The equations that result from this process are called loop equations 
since they come from applying Kvl around the loops of the network. The 
currents in terms of which the loop equations are written are c all ed the 
loop currents . 
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1 To summarize : Given a network, first select a number of loop currents 

and express all branch currents in terms of these loop currents by Kirclihoff's 
current law. The next step is to write JCvl equations around as many closed 
paths in the network as there are loop currents while simultaneously substituting 

2 Hi's for the v's for each. resistance, where each branch current is expressed 
in terms of the loop currents. The resulting equations are the loop equations . 

A number of questions present themselves at this point. 

1. Which branch currents should be chosen as loop currents and how manor ? 

3 Except for a single-loop network, the selection of loop currents is not 
unique and a number of different sets of currents are equally satisfactory. 

There are well-defined criteria and procedures for selecting an adequate set 

of loop currents. However, for networks having no more than three loop currents, 

b which is the most we shall encounter, it is actually hard to make a mistake, 
even if one trieso Hence, no further attention will be given to the subject. 

It can be proved ( although we shall not do so) that the number of independent 
loop equations in a network having branches and nodes is - 17^ + 1. 

5 This expression can be used as a check to verify that the right number of 
loop currents have been chosen. 

2. Which closed, paths should be chosen for writing loop equations? 

Here also a number of different possibilities are equally satisfactoiyo 

6 Tor planar networks (those that can be drawn on a plane without crossing 
branches) an adequate set of loops are the "meshes”, the internal ’’windows" 
of the network. Sometimes a different set of loops is more convenient. In 
any case, there should be as many equations as there are loop currents. 

7 




9 



Pig. 2-8 
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1 2-5* Node Equations 

In writing loop equations, a number of variables— called the loop 
currents — are selected, and all branch currents are expressed in terms 
of these loop currents by Kcl. Let us now, instead, pick a number of 

2 voltage variables and express all branch voltages in terms of these 
variables by Kvl. The process will be illustrated by the network of 
Fig. 2-5 which is redrawn in Fig. 2-9. 



first step is to choose one node of the network as a datum node 
to which the voltages of all other nodes will be referred. In Fig. 2-9 

6 let’s choose the node labeled 0 as a datum. The voltages of the other 
nodes relative to that of the datum node, with references chosen plus at 
the nondatum nodes, are called the node voltages . The voltage of each 
branch between two nondatum nodes can be written as the difference between 

7 two node voltages by Kvl, as shown in Fig. 2-9„ Now Kcl is applied at 
each nondatum node while at the same time replacing the currents by v/r 
(or Gv), with appropriate v's. The result is a set of equations called 

node equati ons . For Fig. 2-9, the node equations are 



3 



k 




5 



0 

Fig. 2-9 
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node 3 



node 2 



node 1 




( 2 - 17 ) 
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1 Upon collecting terms, clearing fractions and transposing i, these become 



These node equations are three linear algebraic equations in 3 unknowns and 
3 can "be solved algebraically. The solutions are 

v x *• 8.28i 



^ labeled v in Fig. 2-5. The answer here agrees with the value found there. 

With the node voltages known, all the branch voltages follow; from these 
the currents can all be determined 

To summarize ; Given a network, first select a datum node ; any node of 

^ the network will do. Label the node voltages , which are the voltages of 

all nondatum nodes relative to that of the datum node. Express all branch 

voltages in terms of the node voltages by Kvl. Next write Kcl at all the 

nondatum nodes while simultaneously replacing the currents by voltage-over— 

y resistance, with the branch voltages expressed in terms of node voltages. 

The resulting equations are the node equations. If there are N nodes in 

n 

the network there will be N - 1 node equations, all independent. 



On comparing the two procedures — loop equations and node equations— we 
q notice that each method utilizes all three of the basic relationships (Kcl, 

Kvl and Ohm’s law) but in a different order. In a network there are initially 
both current and voltage unknowns. In the case of loop equations,, the 
voltages are all eliminated and expressed in terms of currents ; the result- 
^ ing equations contain only loop currents as unknowns. In the case of node 
equations, the branch currents are all eliminated and expressed in terms of 
voltages ; the resulting equations contain only node voltages as unknowns. 




* 30i 



-2v_ + 13v_ - lOv n 0 

1 d 5 



(2-18) 



2 



-10v o + 13v_ = 0 
2 3 



h 



v 2 « 3*12i 



(2-19) 



V- a 2.kl 



Note that v^ is the voltage across the 20 ohm resistor; it was previously 



n 
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1 But it is not essential to follow either of these two methods. One 
can keep a mixed set of variables — voltage and current— if this should 
prove more convenient in a given case. We shall not, however, develop 
detailed procedures for the use of such mixed variables in solving network 

2 problems. 
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*2-6. Additional Comments Concerning Equivalent Sources 

The procedure that was used in Sec. 2-3 for obtaining a Th&venin equi- 
valent employs successive conversions from a voltage source in series with 
a resistor to an equivalent current source in parallel with the resistor, 
and vice versa. A nagging thought arises here: suppose there is a voltage 

source without a series resistor or a current source without a parallel 
resistor , what then? Such a situation is shown in Fig. 2-10 (a); no single 
resistor is in series with the voltage source. Now consider the modification 
shown in Fig. 2-10 (b). The voltage source appears to have slid through the 
node at its upper terminal into both branches connected there. How are the 
loop equations modified by this change? 

For the loop labeled 3 nothing has been changed so that this loop 
equation will be the same$ only the other two are possibly different. But 
writing loop equations for the loops labeled 1 and 2 in both the 
original network and in the modified one in Figo 2-10 (b) (or its redrawn form 
in (c)) shows that these loop equations are also the same for both cases. 




Figo 2-10 



(e) 






1 
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These two cases are then equivalent since they lead to the same values for 
the loop currents, and thus for all currents and voltages in the network — 
except for the current in the original source itself. This latter can he 
easily found hy Kcl in original network once all other currents are determined. 

2 This movement of the voltage source has now led to a network having two 
voltage sources. However, each source is now in series with a resistor and 
the combination can be replaced by a current source equivalent. Clearly, 
this result is general; it applies for any number of initially "bare” 

3 voltage sources in a network and any number of branches connected at a 
terminal of each source. It leads to the following general statement 

A voltage source can be moved through one of its terminals into each 
of the branches connected there, leaving its original position short " 

k circuited without affecting the voltages and currents anywhere else 

in the network . 

How about a "bare" current source, one without an accompanying parallel 
resistor? Such a case is shown in the network of Pig. 2- 11(a) in which the 

5 



b 



b 




current source i is "bare" and forms a closed path with resistors R^ and R^. 
How consider the modification shown in Fig. 2-ll(b). The current source has 
been replaced by two sources, both having current i, and their Junction has 

been connected to the node labeled a. There is no current flowing in this 

9 ~ 

connection, as verified by applying Kcl. Hence, the node equation at node 

a has not been changed. Hence, the two situations in the figure are equi - 
valent , since they will lead to the same node equations and hence, to the 







1 same values of voltage and current— except for the voltage across the 
original source itself. And this can he easily found from the original 
network, once all other voltages are known. 

Although again the number of sources has increased, each current 

2 source has now acquired a parallel resistance, and the combination can he 
replaced hy a voltage source equivalent. Again the result is general and 
can he stated as follows. 

A current source can he moved through any loop it forms with other 

5 branches and placed across each of these branches, leaving its 

original position open- circuited, without affecting the voltages 
and currents anywhere else in the network . 

As a result of these two possibilities concerning the movement and 

Ij- proliferation of sources, even when the sources originally appear '’bare” 

in a network (that is, a v-source without an accompanying series resistor and 
an i-source without an accompanying parallel resistor) they can be made to 
acquire accompanying resistive branches, thereby permitting the conversion 

5 to an equivalent source. 

2-7. The Principle of Superposition 

Very often it might he convenient to determine the total current or 

6 voltage in a branch of a network containing several sources by finding 
what this current or voltage would he if each source was the only one in 
the network, then adding these results. The question is whether such a 
procedure is valid. The answer'to the question is provided hy the principle 

7 of superposition which is a very general principle applying to a large 
number of situations in science and engineering. A general statement of 
the principle is: 

Whenever an effect is linearly related to its cause , then the effect 

8 owing to a combination of causes is the same as the sum of the effects owing 
to each cause acting alone, all other causes being inoperative , or deactivated . 

In the case of an electric network the effects are currents and voltages 
in the branches of a network and the causes are the sources. We have seen 

9 that any of the equations (loop equations, node equations) that result from 
applying the basic laws to networks of ideal resistors (and sources) are 
linear algebraic equations , in which effects are linearly related to causes . 



3 



Hence, the principle of superposition applies to the calculation of voltage 
or current in such networks. 
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It only remains to clarify what it means to deactivate a source . A voltage 
source is an ideal device which maintains the voltage waveform at its terminals 
independent of the terminal current. To deactivate it, or cause it to become 
inoperative, means to make its voltage become zero. Zero voltage corresponds 
to a short circuit . Hence , deactivating a voltage source means short circuit - 
ing it . 

Similarly, a current source will be rendered inoperative if its current 
is reduced to zero. Zero current corresponds to an open circuit. Hence, de- 
activating a current source means open-circuiting it . 

To use the principle of superposition in a network containing several 
sources, either voltage or current, all sources but one are deactivated and 
a desired branch voltage or current due to the one remaining source is 
determined. The process is repeated for each source. The sum of the results 
due to each source separately are then added to give the total due to all 
sources acting together. 

Note well that the principle of superposition is valid only if the effect 
is linearly related to its cause. Thus, if the desired quantity is the power 
dissipated in a resistor due to more than one source, this power cannot be 
determined by superposition, since power is not linearly related to current. 
Thus, if two sources are present, and i. and i 0 represent the currents 
in a resistor R due to each source acting alone, their sum being i = i + i , 

* pJ. ^ 

the power dissipated in R when both sources are present is R(i^ + ig) . When 
the two sources are acting alone, the sum of the two powers will be 
Ri^ + Rig « R(i^ + ig ). These two expressions are not the same. 

Similarly, the principle of superposition will not apply in a network 
containing devices whose voltage- current relation is not linear, such as 
the diodes to be discussed in the next section. 

2-8. Diode Circuits 

A diode is A two-terminal device having a current- voltage curve approxi- 
mately like that shown in Fig. 2-12. The symbol used for a diode is also 
shown in the figure. A relatively large current in one direction — called 
the forward direction — is possible with a small voltage. Only a small amount 



of current is possible in the 6ther, or reverse , direction 
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Hie i-v curve is nonlinear . Hie greatest curvature , or deviation 

from a straight line, occurs near the origin, hut even at other points 

the curve is not straight. However, the entire curve can sometimes he 

approximated hy a comhination of two straight lines as shown in Fig. 2-12(c). 

Hie slope of each line represents a conductance, the reciprocal of a 

resistance. For positive voltage and current, the resistance is small 

$ 

(large slope) and is called the forward resistance . For negative 
voltage and current the resistance is large (small slope) and is called 
the reverse current. 




It is often convenient to assume that the forward and reverse resistances 
take on the limiting values s zero forward resistance, « 0, and 
infinite reverse resistance, • oo. Hie resulting i-v curve is shown 
in Fig. 2-13 . The idealized device having this characteristic is called 
an ideal diode . To distinguish it^from the physical diode, the symbol 




(h) 
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1 shown in Fig. 2 - 15 ( 13 ) is used., (The arrow head is not black e ) The ideal 
diode has the properties that forward (or positive; current is 
accompanied by zero voltage and reverse (or negative) voltage is accompanied 
by zero current. The amount of forward current in an ideal diode is limited 

2 by the external network connected at its terminals . The same is true of 
the amount of reverse voltage. 

The ideal diode is seen to be a two- state device. When it is conducting, 
it is said to be onj when it is not conducting it is off . Whether or not it 

3 is in one state or the other is determined by the external network. When 
making calculations in networks containing ideal diodes, it is not often 
possible to know oeforehana whether a diode is on or off. We assume the 

*w> mcmu 

diode to be in one state or the other , then calculate the diode voltage or 

b current and thereby determine whether the diode, is actually in its assumed 
state o Thus> if the diode is assumeu to be on , the value of its current can 
be calculated. If the current turns out to be positive, this verifies that 
the diode is actually on. If the current' turns out to be negative, we 

5 conclude that our first assumption about the diode being on was not corrects 
it must have been off under the conditions of the problem. 

Sometimes, of course, a source voltage or current may be varying with 
time and so the diode may switch its state as the source value changes. Thus, 

6 a state of the diode may be assumed, say off. With the diode off (open 
circuited) an. expression “for its voltage - is obtained.* Frdin this ‘expression 
the critical value of the varying source voltage for which the diode voltage 
will turn positive can be determined. A similar condition exists when a 

7 network parameter (the -value of resistance, say) is not fixed but must be 
chosen to put the diode in one state or the other. 

In many applications sufficiently accurate results are obtained by 
representing a physical diode as an ideal diode. At other times more 

8 accuracy can be obtained if the forward and reverse resistances are not 
allowed to take on their limiting values. The circuit shown in Pig. 2~lk 
represents the piecewise linear model of a diode, the one having the broken 
line i-v curve in Pig. 2“12(c). When .the ideal diode in this equivalent 

9 circuit is on, Rg is shorted^ hence, R^ is the forward resistance R , 
a relatively low value. When the diode if off R., and R are 

*X» d 
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Diode Model 
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Pig. 2-14 



in series and together equal the reverse resistance, R , a relatively 

r 



b high value. 

With an actual diode replaced "by a piecewise linear model, the 
same method of analysis as carried on “before is valid. There is the differ- 
ence, however, that, instead of switching state from open-circuit to 

5 short-circuit and hack, the overall diode equivalent switches from its 
reverse resistance to its forward resistance. 

When the accuracy provided even hy the piecewise linear approxi- 
mation is not adequate, use must he &ade of the actual, nonlinear diode 

6 characteristic- Consider the circuit shown in Pig. 2-15. The i-v curve 

i f the diode is also shown. The curve provides one relationship between the 
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Pig. 2-15 



diode voltage and current. Another relationship is provided hy the rest 
of the circuit. Thus, the voltage across the resistor being V-v, the 
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1 current through it, which is the same as the current i in the diode, is 



i 




( 2 - 20 ) 



2 Ihis is the equation of a straight line whose slope is -l/H and whose inter- 
cept on the voltage axis equals the hattery voltage. This line is also shown 
on the same axes as the diode i'-v -curve in Fig. 2-15(h). It is called the 
load line . The intersection of the load line with the diode i-v curve gives 
^ the solution for the voltage and current of the diode. 

The same type of graphical solution can he followed even when the network 
in which a diode appears is more extensive, containing more ideal resistors 
and sources, so long as only a single nonlinear diode is present. The rest 
of the network connected at the terminals of diode can he replaced hy a 
Th£venin equivalent and the result will have the form of the simple series 
circuit in Fig. 2-15. After the diode voltage and current are determined 
in the modified circuit, other voltages and currents in the original network 
^ can he found hy returning to the original network and using the known values 
of the diode voltage and current. 

The graphical load line analysis described here for a network cpxitaining a- 
diode can he used in many other cases as well when a single nonlinear device 
g is contained in a "network" of linear devices. This approach will he used 
later in the analysis ofnonlinear magnetic circuits and of amplifier circuits. 
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Chapter 3 
ELECTROSTATICS 

Introduction 

T he subject of electrostatics has to do with electrical phenomena 
which can he attributed to the location of stationary charges in space, 
as distinct from phenomena associated with charges in motion at a constant 
velocity (magnetism) or accelerating charges (radiation). Electrostatic 
phenomena never exist • etely alone. For example, forces on charged 
clouds just prior to \ . .ginning stroke are electrostatic forces, and 
can he understood in terms of the principles of electrostatics. However, 
the phenomena involved in the assembly of charges on a cloud, and the 
subsequent lightning stroke are not electrostatic. 

Another example of an essentially electrostatic phenomenon is faxnd 
in tie capacitors that are used profusely in electrical circuits. A 
capacitor charged to a constant voltage comprises a strictly electro- 
static situation^ it is of limited use or interest. This is the state 
of a coupling capacitor in an audio amplifier when no signal is being 
transmitted. In the presence of a signal, however, the voltage and 
charge are continually chang? ng with time, and a strictly electrostatic 
situation does not exist. However, at any instant of time, the relation- 
ship between voltage and charge is the same as if they were constant 
(provided their rate of change is not too great) and so electrostatic 
methods of analysis are appropriate. 

Another case, where electrostatic principles apply even though 
charge is in motion, occurs in the deflection of the electron beam in 
a cathode ray tube, as the stream of electrons moves between a pair of 
charged plates. The force on an electron due to these charged plates 
is independent of the electron velocity, and hence electrostatic 
principles apply. 

3 -£. Electric Field 

Electrostatic phenomena arise basically from the forces experienced 
by electrical charges when they are in the presence of other charges. 

The simplest possible case is illustrated in Fig. 3-la, showing two 
small charged spheres separated by a distance r. The charged spheres 
may be regarded as " small" if their diameters are much less than r. 
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1 In terms of this figure, experiment yields the following results:* 

(1) The force is one of repulsion if the charges are 
of like sign; 

(2) The force is one of attraction if the charges are 

2 of opposite sign; 

(3) The magnitude of the force is proportional to the 
product of the magnitudes of the charges; 

(4) The magnitude of the force is inversely proportional 

3 to the square of the distance between the charges. 
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Figure 3-1* 



6 The proportionalities expressed in ( 3 ) and (k) are taken care of by using 

the expression 



F = 



^2 



.7 



for the force, where k is a proportionality constant. However, force is a vector 



quantity and this expression does not account for direction. Let us concentrate 
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on the vector force F on q^. The direction of the vector F can be accounted for, 
in agreement with observations (1) and (2), by using a unit vector "undirected 
radially away from q^, as in Fig. 3-lb. Then, the force is completely described 
by 



In these statements it is assumed that means are available for. determination of 
amounts and signs of charges. This is not a trivial question, but is not essen- 
tial to the description of this basic experiment. Suffice it to say here, there- 
fore, that there are ways to measure amounts and signs of charge. 



When q^ and q^ are of the same sign, the product q^q,., is positive, and 
the above formula shows F in the direction of u^. If and q^ are of 
opposite sign, q^q* 2 i^;Pag&tive.„andlivgPc;:F opposite to u^, in agreement 
with (2). 



It has been stated *uhat Eq. (3-1 ) applies to small charged spheres, 
without saying how small they should be. It is found that if the diameters 
are very large (say r/2) then Eq. (3-1) is not valid. In fact, it becomes 
increasingly accurate as the spheres approach mathematical points. 
Accordingly, the proper interpretation is that Eq. (3-1 ) is a postulate, 
applying to hypothetical point charges . By this we mean that every 
evidence indicates this relationship is valid, but that it cannot be 
confirmed by direct experiment, because point charges cannot be attained 
in the laboratory. 

The relationship described by- Eq. (3-1 ) is called Coulomb f s law . 

The factor k is experimentally determined, and in the MKSC system 
of units is found to have the approximate value 9 x 10^ (8.988 x 10^ is 
more accurate) . * It is a pertinent observation that charge is not defined 
by this equation, but is defined in terms of current, as its integral with 
respect to time. 

Instead of making a direct substitution of this value of k in Eq. 
(3^1), for simplification of many subsequent formulas, it is more 
convenient- to replace k by 1/4 jt€^, giving 



where 



F = 



*1 *2 



4jt€ Q r 



o u 
2 r 



= 



0 36raao 9 



1 = 8.85 x 10' 12 



(3-2) 



The experiment described in Fig. 3-1 is not, however, the most accurate 
way to determine k. One way is to measure the capacitance of an accurately 
constructed capacitor. Another way, which depends on the development of 
field theory, is to measure the velocity of propagation of electromagnetic 
waves (radio or light) in vacuum. Theory shows that k = c^ x 10*7, where 
c is the velocity of light. 
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The quantity is called the permittivity of free space ♦ The explicit 
appearance of 4jr is entirely arbitrary, being introduced for later 
convenience. 

We now observe that Eq. (3-2) can be written 

F = q 2 E (3-3) 

if the vector quantity E is defined by 

I = ^ 3 u (3- 1 *-) 

hite^r r 



E is called the electric field vector , and is quite fundamental to electrical 
theory. E is the ratio? ..the. force. n on a test charge q 2 , divided by 0.2** 

The electric field due to a collection of point charges, like the two 
charges of Fig. 3-2a, can be determined by applying Eq. (3-4) to each, using 
respectively r^ and r^ for the distance variable r. Vector addition is 
used, as indicated in the figure. As has been point out, the point charge 
situation is hypothetical^ in all practical cases charge is distributed over 
a surface (if the charged object is a conductor) or throughout a volume, as in 
an insulator. Equation (3-4) can be applied to such a situation, to as good 
an approximation as we like, by imagining the body to be broken up into a 
system of volume elements, as in Fig. 3-2b, with a point charge at the center 
of each element. The approximation improves as the number of elements is 
increased. Thus, in Fig. 3-2b, at a point P the field would be 



E 





(3-5)** 



where n is the number of elements. 



Although Eq. 



(3-5) is given here for 



More accurately, the limit of this ratio as q 2 approaches zero. This qualifica- 
tion is necessary because in more general situations, where conductors are present 
q^ will have some^effect on the charge distribution on these conductors, and there 
fore will affect E to some extent. 

‘X-X- 

In field theory, in the limit as each element is reduced to zero this sum becomes 
an integral. 
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Figure 3-2- 
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the specific case of a single charged body like Fig. 3-2 ^ it i6 a 
general egression for E due to any number of charged bodies,, with the 
understanding that each body is treated in a similar manner. The process 
of obtaining the E vector arising from a distribution of charges by performing 
a vector addition of the individual contribution of each charge is an 
example of the principle of superposition. Its validity for finding E 
as described above can be approximately established experimentally with 
small numbers of charges, but the general applicability to any number 
of charges, including the distributed charge formulation of Eq. (3-5)* 
is to be regarded as a postulate. As we shall see$ this postulate leads 
to certain theoretical consequences which are amenable to experimental 
verification. 

From the foregoing, it is evident that E exists in regions 
surrounding charged objects* It is sometimes helpful to use sketches 
of field plots 9 whereby E vectors are drawn at various points in space 
to show their directions and magnitudes. Some examples are shown in 
Fig. 3-3- The case shown at (a) is the plot for a point charge j the 
one in (b) is for a dipole (two charges of equal magnitude and. opposite 
sign spaced a small distance apart). In these plots, vectors are actually 
shown. In many cases it is sufficient to show only &‘...set pf lines indicating 
the .directions of 'JE..,(i.e. radial .lines in Fig.;3“3a‘.:'iThebatate. of the space in 
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Figure 3-3* 



which the field vector E is not zero is called an electric field . 

So far, the discussion of E has been in terms of a force vector in free 
space, where it is easy to imagine measurement of the force on a test charge. 
A natural question arises as to whether E exists within material bodies, and 
if so, how it can be defined, inasmuch as it is impossible actually to place 
a test charge in a solid body and measure a force on it. The answer is the 
rather simple one of using Eq. (3-5) ( or "the more general integral form 
referred to in the footnote) to define E within material' bodies. That is, 
if P in Fig. 3-2b should be inside the body, E at that point would be the 
vector given by Eq. (3-5)* There is no inconsistency in doing thisj when 
we come to a consideration of material bodies it will only be necessary to 
determine what are the consequences of this definition. 

Note that an electric field refers to the state where there -is a force 
on a stationary test charge. There are situations in which there is a force 
on a moving charge, due to its motion. This occurs when there is a magnetic 



1 



field, the subject of the next chapter. 
5-2. Properties of an Electric Field 
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Return to the case of a point charge q, and imagine it to be in the 
center of an imaginary spherical surface, as in Fig. 3-^» As we have 
seen, 

E = E u r 

where 



E * 



4nc 0 r 



If we multiply E by the surface area of the sphere, we get 



2 

kxr 2 E - — 
€ 0 



( 3 - 6 )* 




Figure 5-^< 
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Nov note that the quantity on the left is a special case of the 
surface integral 



ff 



E • u Q da 
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*One of the reasons for arbitrarily introducing 4it in Eq. (3-2) was so 
that the right hand side of Eq. (3-5) would be free of 4it. 
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over the closed surface of the sphere, where u is a unit vector normal 
to the surface (identical with u^ in this case). The 0 through the integral 
symbols implies a closed surface. Thus, Eq. (3-8) can be written in the 
more general form 



JT - ^l 

<Lp E • u da = — 

Jj n e n 



(3-7) 



which is identical with Eq. (3-8) so long as the surface integral is taken 

3 over a sphere of radius r. However, in Eq. (3-7 ) the surface can be distorted 
from spherical form, as in Fig. 3-4b. It is not very difficult to show that 
no matter how the surface is changed, so long as it remains closed with the 
charge q 1 inside, Eq. (3-7) will always be true. 

4 Now suppose a surface encloses more than one charge, say two, as in 
Fig. 3-4c. The total vector E at a point on the surface is 



5 



E = E^ + Eg 

where E^ and Eg are due, respectively, to q 1 and q^. Over the closed 
surface, then. 



6 




E • u da 

n 





u da 
n 
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and from Fig. 3-2a it is evident that the two integrals on the right are 
respectively q^/e^ an( * € q* Thus, we get 




V 4 2 
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8 Now suppose a body with distributed charge is enclosed, as in Fig. 3-4d. 

In Sec. 3-1 it was stated (as a postulate) that bodies with distributed 
charges can be treated like aggregates of discrete points, to yield Eq. 
(3-5)> and so the above process can be applied repeatedly, each time 
adding an additional charge represented by a term in Eq. (3-5)> to give 
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(3-8) 



where q = q^+q^ 4* . . . + q^ is the total charge on all bodies inside the 
enclosing surface. This .last equation differs from Eq. (3-7) only to 
the extent that in Eq. (3-8) the charge is not necessarily at a point. 

The statement that Eq. (3-8) is generally valid for all situations 
of charge distributions* and for all enclosing surfaces* is known as 
Gauss 1 law for electric fields. The surface used in an application of 
Gauss* law is often called a Gaussian surface . Observe that Gauss’ law 
is not a postulate. Although it was not proved here in detail* such a 
proof is possible* being based on the postulates leading to Eq. (3-5)* 
Parenthetically* it is appropriate to add that one of the purposes in 
presenting Eq. (3-5) was to make possible the development of Gauss 1 * 
law* Except in rare instances* Eq. (3-5) is hot useful for calculation* 
but it provides a key step in the development of Gauss’ law* which, is 
a very powerful tool in solving problems. 

Gauss ' lav will now be used to investigate a particular situation* 
that of an isolated spherical shell made of conducting material* of 
radius R* carrying a charge q* as illustrated in Fig. 3-5* We shall 
use Gauss’ law to determine a formula for E. Because of symmetry^ and 
the fact that like charges repel* we can conclude that charge is uniformly 
distributed on the surface. The fact that each particle of charge tries 
to get as far from its neighbors as possible will prevent any build-up 
of charge concentration* and will cause the distribution to lie entirely 
on the surface of the sphere. 

We construct a Gaussian surface A of radius r* as shown* and observe 

that due to symmetry E must be radial at each point on the surface, and 

therefore can be written B « E it • Also* observe that u is also radial 

r w n 

(being identical with u r ) so that 

«> •*> 

E * U *42# E 
n 
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Gauss ' law gives 




and so 




(3-9) 



or 



E - 



u , R < r 

4ne 0 r r 



(3-10) 



This equation '-differs from Eq. (3-^0 only to the extend that we have q, 
the total charge on the sphere, in place of q^, a point charge, and in 
the restriction that r > R. The reason for this restriction can easily 
he seen by using another Gaussian surface inside the sphere, labeled B. 
The charge inside this surface is zero, and therefore at all points on 



this surface E is zero, otherwise the integral of E over this surface 
would nob be zero, thereby violating Gauss’ law. 

Thus ; we have seen that, for the region of space outside a charged 
sphere, the electric field is the same as for a point charge located at 
the center.-* 

The next step in learning about fields is to consider two concentric 
spherical shells, as shown in Fig. 3-6a. The inside sphere carries a 
charge q, as before, and the outside sphere carries a charge q’ . For 
any spherical Gaussian surface lying between the spheres, there is uo 
change from Fig. 3-5* Therefore, 



law does not apply to spheres of finite size. However, here we are considering 
the electric field due to an Isolated sphere, not the force between two spheres. 
In the presence of another sphere, the charge would not remain uniformly 
distributed, and this is why Coulomb’s law would no longer apply. 
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(3-11) 



This may seem to contradict an earlier statement to the effect that Coulomb's 
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which differs from Eq. (3-10)only in having an upper limit on r. 'When 
r is greater than R^, a spherical Gaussian surface C is used. The charge 
inside this surface is q + q', and so we have 




E = 



aJL 

4*e 0 r2 



R 2 < r 



(3-12) 
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The case where q' = -q is particularly important and interesting. 
In such a case we learn from Eq. (3-12) that E is zero in the region 
cutside the larger shell. In view of an earlier statement that E is 
zero in the region inside the smaller shell, it follows that for this 
case the field is confined to the region between the shells, as shown 
in Fig. 3-6fc. 
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5 - 3 * Potential Difference 

Figure 3-7a shows a section of the concentric spheres considered in 
Fig. 3-6. In this new figure r is an integration variable to he used in 
calculating the work per unit charge by the field in moving a charge from 
the inside to the outside sphere. S is the force per unit charge, and is 
everywhere tangent to the stiaight line path covered by the variable r. 
Thus, the work is 



Although this is physical work, more specifically it is work per unit . 
charge, and is called potential difference . This is a scalar quantity, 
requiring the specification of a reference, which is done by calling V ab 
the potential of point a with respect to point b. This means that the 
quantity is positive when the field does work in moving a positive 
charge from a to b, which occurs when the inner sphere is more positively 
charged than the outer one. 
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>! y: /uBquation (3-13) can be evaluated for the case In question, using 
Eq.(^l#} for E, giving 




(3-1^) 



3 



k 



5 



6 



7 



8 



9 



We shall have later use for this formula, hut the purpose of presenting 
it here was to show a specific application of Eq. (3-13) • 

It can be shown mathematically from Eq. (3-5) that the work done 
by a static electric field in moving a charge between two points is 
independent of the path taken in going between the points. Thus, rather 
than the simple straight line path, a curved path might be taken, as in 
Fig. 3-7b. 

For general use, it is convenient to have an integral expression 
for V ^ that can be used for any path. To see what it should be, in 
Fig. 3-7b let be a unit vector tangent to the path, at some point 
where there is an increment A £• The vectors 5 and u^. are not necessarily 
in the same direction, and so to get the work done in moving distance At 
we want the component of J along u^. Thus, the increment of work is 

i-u t A i 

and the potential difference is obtained by summing these in the form of 
an integral, giving 



'at = ■/ E • d i (3-15) 

a 

The fact that the above integral is independent of the path between 
two points is equivalent to a statement that no work is done by a static 
field when a charge is carried around a closed path. To see this, in 
Fig. 3-7b, suppose there is a second path, shown by the dotted line. The 
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work done (V . ) "by the field is the same in carrying a charge from a to h 
8»0 

by either path. Suppose, however, the charge goes from a to b along the top 
route, and is carried back to a_ along the bottom path. The work done in 



done in going from a to b along this same path.* But this is and so 

the work done in covering the closed path is = °* 

A field having the property described above is called a conservative 
Held . Sirce potential difference is what we mean by "voltage” in circuit 
analysis, it is evident that the above distinctive property of a conservative 
field is equivalent to Kirchhoff's voltage law. 

3-k. Conducting Materials 

The idea of potential difference provides a means for defining what we 
mean by a conductor. A conductor is a material such that under static conditions 
a ll points on and within it are at the same potential. In this statement "at 
the same potential” means that the potential difference between any two points 
will be zero. Referring to Eq. (>15), it is seen that this is equivalent to 
saying that E is zero everywhere within a conductor, when charges are motionless. 

The fact that E must be zero in a conductor has a very interesting 
consequence. In Fig. >8a, the geometrical figure represents a solid conducting 
body which carries a charge. The dotted figure is a Gaussian surface over which 
we have 



since E is everywhere zero. However, from Gauss' law we know that the right 
hand side of the above equation is the total charge inside the Gaussian 
surface. The conclusion is that this charge is zero. This analysis applies 
to any Gaussian surface we might choose within the body. Thus, the charge 
is zero everywhere inside a solid conductor. Whenever a conductor carries a 
charge, the charge appears on the surface. (Previously we had presented an 
argument supporting this conclusion only in the case of a sphere. ) 



*It is commonly said that in this case the external force required to move th< 
charge from b to a does work on the field , (i . e . the work done by the field 



going from b ba^ 1 ’ to a along the bottom path is the negative of the work 
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If the conductor is not solid hut has an internal cavity as shown 
in Fig. 3-8b, it is possible that there shall be a charge on the inside 
surface, Ohis will occur if there is a charged object, insulated from 

6 the conductor, inside the cavity. Again using a Gaussian surface, as 
indicated by the dotted figure, it is known that the charge inside this 
surface must be zero. Thus, the inside surface must carry a charge -q. 

If the conducting body is uncharged, there must then be a charge q on 

7 the outside surface to make the net charge zero. However, this is not 
necessary; the outside surface can have zero charge, in which case the 
conducting body will have a net charge of -q. 

The property that E is zero in a conductor is a consequence of the 

8 existence of "free" electrons, electrons which are free to move abort. 

Thus, any- attempt to create an electric field in a conductor results in 
motion of electrons until they reach a surface and distribute themselves 
An such a way as to cancel the original cause. This description emphasizes 

9 why it Is important to say E must be zero under static conditions. While 
electronic are distributing themselves, currents are flowing, and E is 
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not zero during tth& fuio'cshs oof. charge flow. 

Another consequence of the fact that a conducting body is at constant 
potential is obtained by considering Eq. (3“15) applied between two points 
on the surface of a conductor, as in Fig. 3”$ c * For any two points a and 
b we must have 




&& = 0 



a 



where the path of integration is along the surface. In general, E is not 
zero, and so the only way for this integral to be zero is for E*u^, to be 
zero. Since, u^. is tangent to the surface, E*Uj. can be zero only if E is 
normal to the surface, :\as indicated in Fig. 3 

Since we now know that charge always resides on the surface of a 
conductor, un der static conditions, it can be concluded that in the arrange 
ment of concentric spherical shells described in Fig. 3-7 • it makes no 
difference how thick the shells are. In fact, the inside shell can be 
replaced by a solid sphere, with no change in the electric field. 

We have deduced the property of charge appearing on the surface of 
a conductor from Gauss* law, which in turn depended upon two postulates 
concerning E. At this point it is appropriate to observe that a very 
accurate experiment is possible to confirm that charge really does reside 
on the surface.* Thus, this experiment provides a confirmation of the 
original postulates. 

3-5* Capacitance 

Return now to a consideration of the two concentric spheres of Fig. 
3-7, when the inside sphere carries a charge q, and the outside sphere a 
charge -q. Equation (3“1^) gives 




as the potential difference between the spheres. Although this equation 
was derived for the potential difference between points a and b, in the 



*This is the famuous ”ice pail” experiment of Kelvin. 
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light of Sec. 3-**- it is evident that V ^ is the potential difference 
between any point a on the inside sphere and any point b on the outside 
sphere . 

Whenever two charged bodies carry charges of equal magnitude and 
opposite sign, the potential difference between them is proportional 
to the charge, with a proportionality factor which depends on the 
geometrical arrangement. Equation (3-1*0 is one such example, for the 
concentric sphere arrangement. This general proportionality can be 
written 



where l/C is the proportionality factor. C is called the capacitance . 
and when charge is in coulombs and V is in volts, C is in farads . The 
dependence of C on geometrical arrangement is illustrated by the present 
example. From Eq. (3-1*0 we get 



for concentric spheres. 

This formula is not of great practical importance because the arrange- 
ment of concentric spheres is not practical. However, as we shall see in 
the next paragraph, it provides a means of analyzing the more practical 



and refer to Fig. 3-9 which shows two sections cut out of the concentric 

spherical shells. This is ah hypothetical operation in which it is assumed 

that the charge distribution is not affected; that is, that the charge 

that was originally on the cut out sections remains on them. The entire 

spherical surfaces remain in place, but the two sections are insulated 

from them. The field distribution will remain undisturbed, add V , 

ab 




( 5 - 16 ) 




(5-17 ) 




V 




(5-18) 
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will "be the potential difference between the sections* In the figure, the 

outside section is only partly shown, but its edges are determined by extending 

radial lines from the edges of the inside section. Let A be the area of the 

inside section and q its charge, which will he q times the ratio of A to 

s 

Ij-jcR 2 , the area of the entire sphere. Oiis calculation gives 



The significance of the last calculation is that the charge on the outside 
section is the negative of Eq. ( 3 - 19 )* a QcL thus that the two spherical 



sections have charges of equal magnitude and opposite sign, satisfying the 
condition for obtaining capacitance between the two sections, as the ratio 
of charge to potential difference. Equation (3-19) can Le solved for q which 



1 




(3-19) 



Likewise, recognizing that the area of the outside section is (Rg/R^) A and 



2 



that the area of the entire outside sphere is ^jtR^, we have 
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Figure 3-9* 
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can be substituted into Eq,. (5-XS ) to give 

q. R, 

V ab * Ae^ 

where h has been used for the separation between the shells. Finally , 
the capacitance is 

e n A Rp 

C - -t (3-20) 

This result can be extended to yield the capacitance between two 
parallel plane plates by allowing and R^ to approach infinity, while 
keeping Rg - R^ = h constant. Geometrically this approaches the situation 
portrayed in Fig. 3-10a, where the plates are assumed to extend to infinity. 

In practice, there will be very little change in the central isolated 
portions if the plates do not extend to infinity. This makes it possible 
actually to construct the aAguScet and to attach wires to it, as in Fig. 3-10b 
In this figure, is the battery voltage, and q g is the integral with 
respect to time of current i. 
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Figure 3-10. 
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Referring to Eq. (3-20), as and R g both approach infinity, their 
ratio approaches 

1 n 

3 R 1 + h 3 1 + h/R^ " 1 



and so Eq. (3-20<) becomes 




( 3 - 21 ) 



for the capacitance between two parallel plates of area A, and spacing h. 
However, this is accurate only for the arrangement of Fig. 2-10b, where there 
is a "guard ring" around the plates which serves to keep the field lines 
parallel between the plates. 

We can see that Eq. (3-21 ) cannot be exactly accurate for an isolated 

pair of plates, for it requires the E lines to be parallel between the plates, 

this being the limiting condition of the radial lines for the spherical case. 

Thus, referring to Fig. 3-Ha, assume the plates are isolated and that the 

lines are parallel between the plates and zero outside. Then the integral 

of E*u t along path (l) would be V^, but along path (2) the integral would 

be zero because E was assumed to be zero in the region of this path. However, 

this is impossible, since the potential difference must be the same when 

calc ula ted by any path. In reality, the field lines must ^fringe” out at 

the edges, as indicated in Fig. 3-Hb, in order to make the integral of 

jj.jT independent of path. In practice, h is us uall y very small compared 
t 

with linear dimensions of the plates, and in that case this fringing has 




Figure 3-11. 
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a very small effect, and Eq. (3-21) can be used for the capacitance, 
to a high degree of accuracy. 

3-6. Dielectric Materials 

The experiment; ishotan.. in Fig. 3-10b provides a means for investigating 
the electrical properties of insulating materials such as oils, glass, 
paper, plastics, etc. When the space between the plates is filled with 
one of these materials, it is found that for a given potential difference, 
the charge (integral of i with respect to t) will be greater than when the 
spaae between the plates is occupied by air. Let k be the factor by which 
the charge increases, ihe capacitance will then be given by 



C = 



k e e 0 A 



( 3 - 22 ) 



The factor k g is a numerical ratio, and is called the relative permittivity 
(or dielectric constant ). Obviously, the relative permittivity of air is 
unity. 

We shall now consider the consequences of applying Gauss * law to the 
parallel plate capacitor, when the space between the plates is filled 
with a dielectric material. Reference is made to Fig. 5-12, where the 
situations at (a) and (b) are identical, except for the inclusion of 
dielectric material at (b). Batteries of identical voltage V are used 
so that E s E u q (where E = V/h) is the same for both. Ihe guard rings 
force the fringe flux to be far away from the central plates, so that E 
is essentially zero except in the region between the plates. 

The dotted rectangle shown in each figure is a side view of a hypo- 
thetical rectangular box which serves as a Gaussian surface. Lines 
labeled AA represent surface areas which are normal to E. Let a be Ihe 
density of the charge on the surface of the plate in Fig. 5-12a. Applying 
Gauss' law to the Gaussian surface in Fig. 5-12a, we observe that the 

surface integral is zero over surfaces b, c, and d; it is zero over b 
— * " 

and £ because E is parallel to these surfaces, and it is zero over d 
because E is zero on this surface. Thus, Gauss' law gives 



E • u dA o/e • u )M = 

n ^ nJ € 0 



( 3 - 25 ) 
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and 



E • u *?<©*-*- 
n € 0 



(3-24) 




Now observe that E = V/h must be the same for Fig. 3-12b, since V and h are tho 
the same. Thus, knowing E for Fig. 3-12b, Gauss* law can be used to find the 
charge enclosed. When Eq. (3-24) is substituted into the surface integral of 
E*u q , again observing that E*u q is zero except on face AA, we get 




E 



S n da 




(3-25)* 



which shows that the enclosed charge is uM, and that the surface charge 
density is o, the same as in Fig. 3- 12a. However, recalling Eq.. 3-22, the . 



Equation (3-25) is identical with Eq. (3-23)> but is obtained from a different 
s tatting point. In Eq. (3-23) Gauss* law is used to obtain E from a, whereas 
in Eq. (3-25) Gauss' law is used to find a from E. 



1 



I 

3-23 

capacitance, of Fig. 3-I2b must be k times the capacitance of Fig. 

3-12a, and since crA = CV, it follows that the surface charge dentlty 
plate in Fig. 3- 12b shohldbe 

cr* » k ff (3-26) 

w 

rather than o, as predicted by Gauss 1 law. The conflict implicit in 
these separate conclusions is resolved by postulating that a' , the charge density 
on the conducting plate, is modified by a surface charge density on 
the surface of the dielectric. Thus, in Fig. 3-12b the total surface to 
be used in Gauss 1 law, whifch we know from Eq. (3-25) to be or, is also 
a, + a*. Thus 

D 

cr ** a b + a* 

and with Eq. (3-2 6) we have 




% = -(V 1)o 

= -(i - r-)«' 

K e 



(a) 

0 >) 



Since a * o b , is also given by 



«b = -( k e- l)€ 0 E 



(3-27) 
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(3-28) 



Experiment confirms this conclusion. Charge u b can be explained as 
follows: due to the force of the E field, the positive and negative atoms 
of the dielectric are separated slightly, as shown in exaggerated form 
in Fig. 3-13. This phenomenon results in the appearance of a layer of 
negative charge on the left hand face, and a similar layer of positive ch < 
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charge on the right hand face. Observe that the negativeness of the charge 
oh the left, ;is intagreement with the negative sign in Eq. (3-25). The atoms 
represented in this figure are said to be polarized, and the phenomenon is 
called polarization . Since is due to displace charges which are parts 
of neutral atoms of a non-conducting medium, they cannot actually be removed 
from the surface, say by conduction to a plate. Accordingly, is called 
a surface density of bound charge (as opposed to free charge ). If the E 
field is reduced to zero, the positive and negative charges of each atom 
"spring back” together, and the surface charge disappears. 

It appears that Gauss’ law, as expressed by Eq. (3-8), is universally 
valid, even when dielectrics are present, if the charge enclosed within the 
surface is the sum of all free and bound charges.* It is convenient and 
useful to have a modified form of Gauss’ law in which only free charge will 
be included. To this end, suppose a new vector 



D = k e e 0 E 



(3-29) 



is defined, and consider the surface integral of D-u n over the Gaussian 
surface in Fig. 3-12b. In this case, referring to Eq. (3-24), we have 
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5-u n = Vo(^> = V = 



and thus 



ff 



D‘U da = a'AA 
n 



(3-30) 



which is the free charge inside. Although this was shown for a particularly 
simple case, it can be shown that 



JT 



D-3 n da = a 



(3-31) 



is true for any closed surface, where q. is the free charge inside. It is 
immaterial whether or not the surface passes through a dielectric object. 



It can 



be shown that in the general case, where E is not necessarily normal to a 



dielectric surface, Eq. (3-28) becomes 

cr. = -(k -l)e_E 
b v e On 
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where E n is 



the normal component of E directed into, the dielectric. 
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Equation (3-30) gives additional information about how D and the free 



charge ate related at a dielectric surface. In terms of Fig. 3-12b, to which 



that equation applies, we have D*u n = a’, or 



D - ff' (3-32) 

where D = D*u is the component of D inward and normal to the surface, 
n 

This is generally true, even if the surface is not plane, or if D is not 
normal. tbxttoahsurfheerulThenathe^r^latibhShliP is written 



D n = o’ (3-33) 

where the subscript (n) is a r em i n der that this is a normal component. 

Thus it is seen that D has a very simple relationship to the surface 
density of free charge. 

Note from Eq. (3-2 9 ) that in air 




so that in air Eq. (3-30) reduces to Eq. (3-8)* Thus, Eq. (3-29) is 

generally valid for all cases, and is a second form of Gauss’ law. It 

is usually the preferred form for the solution of field problems. 

The vector D is called the dielectric displacement vector. From 

Eq. (3-30) it is apparent that in the MKSC system of units, 1) is in 
2 

coulombs/m . 

3-7 • Composite Capacitors 

To show that the invention of D is not merely an intellectual 
exercise, let us use it to determine the capacitance of the parallel 
plate arrangement shown in Fig. 3-l4a. We make the simplifying assumption 
that the E lines are parallel, as they would be if guard rings were present. 
Using a Gaussian surface consisting of a rectangular box represented by the 
dotted rectangle, we note that there is no free charge on the dielectric 
surface (an assumption of the problem statement). Thus, 

D, *u M = D 0 *u AA. 
in d n 

and so D is the same in air as in the dielectric, and 
it D; 
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Nov, referring to Eq. ( 3 - 29 ), we have 






and, finally. 



V = ? (\ + e 2 K = 



-(— + 
2'e 
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Vo Q 



(3-5^) 



But D*u equals the surface charge density o, and the total charge on the 
n 

surface of area A, is 



q = oA 



Finally, from Eq. (3-3*0 



2 % Vo A 



= V 



and the capacitance (q/v) is 



e.A ^ 

n = (-£-) £ 

L ' h 7 1+k 



(3-35) 





Figure 3-1^* 
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1 Observe that if k =1 this reduces to the previous formula for an air 

e 

capacitor, given by Eq. (3-21), as we should expect. 

Another example is shown in Fig. 3*1 &b. Here the dielectric 
material extends all the way between the plates, but covers only half 

2 of area A. In this case B x = l g , since (E^ujh = (i? 2 *\? n )h, by virtue 
of each plate being at constant potential. Let H be this common value 
of ^ and Eg. How, in the two sections, 

3 ^ e Q i and S 2 * k^E 

The total charge on the left hand plate, from Eq.. (3-21) is 
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1 = + W * 2 (e 0 +k e € 0 )g '"n 



But E»u n » V/h, giving 



* ■ f 



and for C we get 






(5-36) 



It should he fairly obvious that dielectric materials can be useful 
to provide hi gher values of capacitance than would otherwise be possible. 
They do this in two ways; first, by the introduction of the factor k fi in 
the formula for C, and second, by permitting s m a lle r values of h, for the 
reason we ah**? 1 now describe. Dielectric materials, including air, have 
a property known as dielectric breakdown strength. This is the value of 
E at which a spark will jump through the material. It is not a precisely 
determinable quantity because it depends on many factors, such as humidity, 
smoothness of surface, presence of internal voids, and the like. For air 
a reasonable figure is 3*000 volts/mm, while solid materials can go as high 
as 28,000 volts/mm (the handbook figure for polystyrene, a common dielectric 
material). Thus, if a sheet of dielectric material is used, the plate 
spacing for a given voltage can be much smaller without fear of dielectric 
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breakdown. Also, reducing h increases C, as can be seen for the cases 
investigated here, because C is inversely proportional to h. In this way, 
dielectric materials can be very useful in saving space in capacitor design. 

Some typical values of dielectric constants (relative permittivities) 
are given in the following table. 



Material 


k 

e 


Air (760 mm pressure) 


1.0006 1 


Cellulose Nitrate 


11.4 


Fyrex Glass 


4.5 


Mica 


7.2 


Phenol 


5-5 


Polyethelene 


2.26 


Polystyrene 


2.56 


Neoprene 


6.7 


Benzene 


2.15 


Petroleum oils 


2.2 


Ethyl Alcohol 


25 


Methyl Alcohol 


51 


Distilled Water 


81 



3-8. Dielectric Hysteresis 
The relationship 



D = k e € 0 E 



is approximately true for most materials. However, there are some materials in 
which there is what might be called a "sluggishness*' in the return of the atoms 
to the unpolarized state when the external polarizing influence has been removed. 
In other words, the condition portrayed in Fig. 3-15 will persist to some 
extent, repultinfe in alfcartiial retention of bound surface charge. Such materials 
are called electrets . The bound surface charge creates an electric field of 
its own, and this fact makes it possible to detect this state of "peimanent- 
electrification **. This phenomenon has possible application for memory devices 



mm 
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in computers,'. although because the similar action in magnetic materials 
is so much more pronounced, they are more often employed for such a 

purpose . 

The phenomenon Just described can be portrayed as a graph of 
D vs. E, as in Fig. 3-l$L*. If E is increased, starting with unpolarized 
material, D will increase along the straight line. However, if E is then 
reduced from point P, D will not return to zero when E is zero, and if 
E is carried into the negative region, and then back to point P, a closed 
loop will be formed. Ohis is called a dielectric hysteresis loop. It 
can be shown that the area of this loop is proportional to the energy 
lost in the process . This energy loss can be viewed as being due to 
internal "friction” of the molecules as they react to the changing electric 

field. 

One other possible deviation from Eq. (3-27 ) should be mentioned. 

Some substances do not have D and E in the same direction, and are 
called nonisotropic .* Advanced mathematics is required to treat this 
situation, and so no further consideration of it can be given here. 

P 



Figure 3-15* 




3-9. Resistance Capacitance Circuits 

Many practical applications involve circuits which include capacitors. 
We shall now briefly consider the transient phenomena which arise when an 
attempt is made to change the voltage across a capdbltor. The essential 



*Nonisotropic materials have different properties along different axes. ©Us 
applies to properties other than electrical, such as mechanical 
deformation and thermal conduction properties. 



problem is exemplified by the circuit of Fig. >l6a. A capacitor is uncharged 
(v~=0) and then the switch is closed connecting a battery of voltage V, through 
a resistor R. We are asked to determine how v c changes with time, subsequent 
to ‘the closing of the switch. Zero on our time scale is arbitrarily chosen as 

the instant when the switch is closed. 

We recall that the charge q accummulated on the top plate is related to 



v by 
c 



q = C v 



and also that 



i 

dt 



Thus, i and v are related by 
7 c 



i - C 



dv 

c 

dt 



(3-37) 



After the switch is closed, KLrchhoff 1 s voltage law gives 



i R + v ='vV 
c 



or, in ter m s of the variable v from the previous equation, 



dv 

EC — + v = V 
dt c 



(3-38) 



This is a differential equation, to be solved for v . By writing this as an 



explicit expression for dt/dv we have 

v» 



8 



dt 



RC 



dv V-v 
c c 



From this form we can recognize the antiderivative 



t = -RC In ( V-v ) + In K 
c 



(3-39) 



where K is an arbitrary constant. Since v c is wanted, we can write 

. V-v 

" RC “ ln (~K"“) 



o 
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and 



or 




v 

c 



* V - 




(3-46) 



This is not yet the required solution, because K is an unknown 

constant which must he evaluated hy introducing the initial condition: 

the value of v q when t » 0. The original statement of the problem gave 

the information that v = 0 before the switch is closed. However, Eq. 

(3-4o) rfeegios to apply 'afctthe ^tantt^hen stbe os^chnis •fesiteeftttor 

(i.e. for 0 ^ t), since it was derived from an equation written for a 

closed circuit. In connection with this question, observe that if v 

0 

were to experience a sudden jump at t « 0, this would mean an infinite 

derivative (dv c /dt) and hence Eq. (3-31) shows that the current would be 

infinite. However, with a finite souree voltage, tdbddniUnS^amiU^p,:: ibJU, 

and hence we conclude that a sudden change in v is impossible. Thus, 

c 
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v = 0 is the appropriate value to use in Eq. (3-^0) to correspond to t = 0. 
c 

Substituting these gives 

0 = V - K 

and thus the required equation for v q is 

v = V(l-e‘ t/EC ) (3-^1) 

c 

A graph of this function is shown in Fig. 3-l6b. This figure includes 
a geometrical interpretation of the parameter RC, as the time it would take 
for the voltage to change to its final value, if it continued to change at its 
initial rate. RC is called the time constant of the circuit, and the final 
value attained by v is called the steady state value. 

In addition to learning that in such a circuit the voltage across a 
capacitor changes exponentially, one of the important observations to be made 
is that the time required for a change of capacitor voltage to take place 
depends on the product RC. An interpretation slightly different from the 
graphical one of Fig. 3-l6b involves finding the time interval required 
for v to go through 90$ of its total change. This is the value of t at 
whichV 1 ^ 0 = .1, which occurs when t = 2.3RC, approximately. Time constants 
in practical circuits vary from microseconds, in pulse transmission circuits, 

to many seconds in certain filter applications. 

Equation (3-38) can readily be used to obtain the current, 




, 1 e-VRC 

R 

A graph of this exponential is shown in Fig. 3-l6c. 

The idea of ac. change in v Q ia further illustrated by the example of 
Fig. 3-lTa. Battery has been connected for a long period of time so that 
at t a 0 (when the Switch is opened) v c has the value V^. Opening the switch 
yields a situation in which the total battery voltage is V ]L + Vg, and the 
total resistance is R 1 + Rg. These can be substituted, respectively, for V 

and R in Eq. (3-^0 ) , to give 
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v c " V 1 + v 2 - K * 



t -t/(R 1+ BjC 



(3-te) 



In this case the initial condition is v = V , when t = 0, and so 

C JL 






2 



3 



. which determines that K » 






Thus, Eq. 



K 

(3-42) becomes 



v 

c 



- v i + T a [ l 



-t/pi 1 +E 2 )c j 



(3-^3) 
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A graph of this function is shown in Fig. 3-17b • The previous interpretation 

of the time constant still applies if it is applied to the change of v ' 

between the initial and final value. 

Equations (3-4l) and (3-43) are both of the same form, where Idle 

change in voltage is represented by a quantity which varies like (l-e“ at ) 

X total change of v q , withe l/a as the time constant. It can be shown 

that this is typical of the result for any circuit having only one 

capacitor, and any number of resistors. D-c circuit analysis can be 

used to find the total change of v , and the time constant is C x the 

c 

equivalent resistance of the circuit connected to C, which results when 
all sources are reduced to zero. 
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3-10. Energy Stored in an Electric Field 

In Fig. 3-18, a parallel plate capacitor is charging from q^ to q^, 
over a time interval from ^ to tg. If q is the charge, and V is the 
voltage, the current is dq/dt, and thus the instantaneous power input 
to the capacitor is 





1 



t 



3-34 



The energy supplied to the capacitor is 

t 2 



w -I 



2 

p dt = 



v i at 



■I 



Vdq 



(5-VO 



In order to convert this to an expression in terms of E and D, we recall 
that 

V 

E = — and q *» AD 

h 



The second of these expressions is obtained from Eq. (3-32)> which is 
applicable because D is normal to the surface, and q is the free charge 
(i.e. charge on the plate). Using these in Eq. we get 



D, 



W = Ah 



if E'.dD 

K 



(5-^5) 



8 



The factor Ah is the dielectric volume, and thus 



w =J E ’.dD 
Bx 



(3-46) 



can be viewed as the density of energy storage in the dielectric. 

The integral of Eq. (3-^6) is interpreted in Fig. 3~20a, for an 
electret which is being electrified from an initially unelectrified state 
(i.e. along the curve which starts from the origin). The change of energy 
density associated with increasing D from to is represented by the 
shaded area projected back to the vertical axis, as in Fig. 3-19a* Now 
suppose D is decreased again to D^. In this case the energy density change 
decreases by an amount equal to the dobbifer shaded area. This energy is returned 
to the circuit, and thus the shaded area between the two curves is energy lost 
Similarly, if electrification is carried around a complete loop, as in Fig. 

3 - 19 b, the energy lost for this cycle of operation is equal to the loop 
area. Of course, this energy, loss, which is called hysteresis loss , causes 
heating. In many applications hysteresis loss is negligible in dielectrics 



3-35 




5 



6 



7 



8 



because for most materials the loop area is very small. However, 

when capacitors are used in.a-c circuits, hysteresis power loss can 

become very high because power loss is energy loss per cycle multiplied 

by frequency. Thus, a dielectric which behaves with negligible loss at 6o cps. 

9 

may be totally unsatisfactory at lCr cps . 



For the important case where Dak e n E if ilwe :‘c oni3 ider ithe fchergyer^y 
increase in bringing D and E from zero to some specific values, from Eq. 
(3-46) we have 



w k € J 
e 0 



s 

/■ 



Ed E 



k eJB 
e 0 

2 



or 



w = 



DE 



(3-47) 



9 



This lost energy relationshipr.iis applicable to any dielectric in 
an electrified state. If it is part of a capacitor the energy can be 
given in terms of C, as we can ! see by observing that i « C dv/dt so that 
the integral of the power is 



t t V 

fp at - c f.r a g at - ofv av 



. w = 



3-36 



1 or 

W = | C V 2 (3-^) 

2 This energy is completely stored, since in saying that C can he used we 

have implied that q = C v and hence that D is proportional to E, which 

c 

in turn means there is no hystersis loop. 
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Chapter 4 
ELECTROMAGNETISM 



2 



3 



4 



5 



6 



7 



8 



9 



Introduction 

In this chapter we shall deal with two basic physical phenomena. First, 
the phenomenon of mechanical forces (and/or torques) exerted on current- 
carrying circuits either in the vicinity of another current-carrying circuit, 
or a permanent magnet. Second, the creation of an electric potential differ- 
ence as the result of motion of a conductor , or as a result* of a changing 
current in another circuit. The first of these phenomena is the basis of the 
subject of magnetism. Since the second involves an interrelationship between 
electrical and .magnetic effects, it is called an electromagnetic phenomenon. 

Almost every practical electrical device involves electromagnetic phe- 
npmena. For example, the electric power we use is generated by the motion 
of a conductor in a magnetic field, the diaphragm of a telephone receiver is 
actuated by magnetic forces, magnetically operated relays are used to open 
and close circuits in many applications such as motor controls and telephone 
switching circuits, and, of course, electric motors operate on the principle 
that a force is. exerted on a current-carrying conductor in a magnetic field. 
Thus, these few illustrations indicate that a study of electromagnetic phe- 
nomena is important. ' • . 



Basic Magnetic Experiments 

Consider an experiment in which two long straight parallel wires carry 
currents, as shown in Figure - 4 -l(a). Wire (l) is rigidly supported, and 
provision is made to measure the force on wire (2). The following observa- 
tions can be made; 

1) When i_ and i g are in the same direction (either both in the 
reference directions shown, or both opposite), wire (2) experiences 
a force toward wire (l). 

2) If either current is reversed (but not both), the force on (2) 

• will be away from (l). 

3) In either case, the magnitude of the force is proportional to 
the magnitude of the product i^i^. 



v 



o 






4) The force is proportional to l/r, where r is the separation between wires. 

A second experiment can be conducted as shown in Figure 4- l(b). Here, the 
wires are at right angles and in the same plane, one passing in back of the other 
by virtue of a small semicircular jog in one of them. In this case, there is 
found to be no net force on wire ( 2 ), but there is found to be a torque tending 
to rotate wire ( 2 ) into a position parallel with wire (l) so that i^ and i^ will 
be in the same, direction. Thus, for currents in the reference directions indicated 
in Figure 4-l(b), the torque on wire ( 2 ) is found to be clockwise. 




4-2. Flux Density 

In Figure 4-l(a), wire ( 2 ) experiences a force, and so it is reasonable to 
assume that there is a force on a short length A£, as indicated in Figure 4-2(a). 
With fixed i. , the f^rce is toward or away from wire (l), depending on the direction 
of ig. This much of the experiment suggests, perhaps, that the force on A0 can be 
described by defining a vector directed radially ftom wire (l). However, when we 
go to the crossed wires, as in Figure 4-2(b), we see that in order to provide the 
observed torque, the force on an element Ai must be' parallel to wire (l)j up or 
down depending on the direction of ig. The force on the element is always 
perpendicular to the direction of current flow in A0. 
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Figure 4-2. 

The idea of a vector product of two vectors is used to describe the force 
on A£» To see how, we shall consider the four conditions illustrated in 
Figure 4-2, repeated in perspective view in Figure 4-3* The direction of cur- 
rent ± 2 , flowing in element &l> is designated by a unit vector u, and F is 
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Figure 4-3» 



the force vector. In each case a unit vector u t is shown in perspective view, 
as a dashed line. This vector is drawn tangentially to a circle centered at 
wire (1), as indicated in Figure 4-3(a). It will be noted that in each case 
the right hand screw rule applied in the vector product 
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1 will yield the direction of F. Thus, a unique direction (that of u t ) can he found. 



from which the direction of F can he derived, when the current direction (defined 
by u) is known. 

Regarding magn itude of the force , careful analysis of the mechanics involved 

2 will show that the magnitude is the same in all situations shown in Figure 4-3, pro 

vided that the perpendicular distance r from wire (l) to element LI is the same. 

Since the force is proportional to i^ig, this distance factor must appear ex- 
plicitly in the equation for force. Also, the factor l/r must appear, to account 

3 for the inverse relationship with distance obtained for Figure 4-l(a). Fin al l y, we 

should expect force to be proportional to L&» Thus, experimental results are sat- 
isfied by the relation 



where k is a proportionality factor chosen to take care of units. This constant is 
usually written k - \i Q /2n, where |i Q is another constant called the permeability of 



7 prising, in view of the fact that Eq. (4-1) is presented as an experimental law. 

This is not an accident $ it stems from the choice of 6 q which establishes indirectly j 
the unit of charge at such a value that the coefficient is exactly 2 x 10 « This 
procedure of using a non -rational factor (cq) to define charge, so that the factor j 

comes out rational for B may seem to be somewhat puzzling^ it would perhaps seem more 
logical to choose 6 q as a rational number, since electrostatic phenomena are simpler. 

8 ; Th e.- ans wer lies in the historical development of systems of unit, and the fact that 

early measurements establishing the ampere were made by measurement of ma g n etic 
forces. Magnetic forces are easier to measure in the laboratory, although they are 
more difficult to analyze theoretically. In the MKSC system of units, adopted as the j 
international standard in 1938, the theory was adjusted to agree with existing practical 
units wherever possible. Since current and charge are very fundamental, their units j 

9 were retained. 9 
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(4-1) 



free space . When force, current, and 
amperes, meters), the value of |1 q is . 



When force, current, and distance are in MKSC units (respectively newtonr 





-7 

6 and so we get 2 x 10 for the value of k. 



* 





4-5 



Now we introduce this value of k, and rearrange to give 

■ ' - r 2 x 10 i. -» 

& - IgA* I U x( — -h t )\ 

Next, we introduce a symbol (B) to replace the quantity in parentheses and 
arrive at 
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5 



6 



ZF » (u x Bu t ) 

where B is 

2 X 10* 7 i S» 0 i, 

7 — 1 - & W 

The quantity J *» is a vector in the direction of the unit vector 
uj. (or opposite if B is negative). It is called the flux density vector 
or, alternately, the induction vector . In the MKSC system of units, B is 
in vebers per square meter.* Equation (4-2) is an expression of the Biot- 
Savart law, giving the flux density,. ■ at all points in space, due to 
a long current-carrying conductor. Thus, using the vector B, the force 
equation is 

ZF » igA# (u x B) (4-3) 



The validity of this expression has not been completely established 

7 by the experiments described, because only two orientations of the tJ» ele- 
ments have been considered. However, by conducting further experiments, it 
is found that Eq. (4-3) is indeed valid regardless of the orientation of ai 
with respect to B. Interpretation of the vector product shows that the 

8 magnitude of the force is 





sin $ 



9 



) 



» 

In the older electromagnetic system of units, B is in gauss (1 gauss * 
10 webers/sqlmTJT In that system, if in is in amperes, r is in cm., 
then » 0.4 jc and in Eq. (4-3) force is in dynes. 
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where 6 is the angle between the B vector and the conductor, and the force is 
normal to the plane of B and the conductor. 

Plots of B at different distances from the wire yield a picture like 
Figure 4 -4(a). At increasing distances from the wire, the arrows become shorter, 
illustrating, by their length, the l/r relationship. The state of space in which 
forces are exerted on current elements (that is, regions in which B is not zero) 
is called a magnetic field . Figure 4-4(a) is a partial plot of the magnetic field 
surrounding a straight wire. An alternate method of plotting a field is shown in 
Figure 4-4(b), in which only the directions are indicated by "flow lines”. 





When the force on a long conductor (as distinct from an incremental length) 
carrying a current i^ is to be found, incremental forces as given by Eg.. (4-3) can> 
be summed to give the total force. Of course, this becomes the integral 



7 F =* i 2 J^(u x B)de 

conductor 

where u is a unit vector tangent to the conductor, in the direction of ig, at each 

8 point on the curve. The meaning of this integral can be illustrated by the example 
.in Figure 4-5* The central dot represents the long conductor, and PQ is one side 
of a square loop. We are to find the force on this piece of conductor. In this 
case, d t, « dy, 

9 u -i 

v 

B *3 — and sin 6 « * ~~ 

4 it" V b 2 + y^ Vb 2 + y 2 




giving 




p = !ki2 f 

2lt l b 2 + : 



_ 



^0 i 2 



2 2 
InC^— S-^-) 



This force is directed out of the paper, in accordance with the right-hand 
screw rule as applied to the vector product u x B. 




The example chosen to introduce B, the straight wire, is particularly 
simple. Problems of finding B in the space surrounding other wire shapes 
are generally more difficult, and are among the topics covered in the subject 
of field theory. Some illustrations of the structures of the magnetic fields 
around coils of wire are shown in Figure 4-6. 







Figure 4-6. 




(i>) H turn coil 






One principle can be given in relatively- simple terms here, however, which 
provides some idea of the relationship between B and the current which causes it. 
For this, we return to the relationship 



for the straight wire. If we take any circle of radius r and multiply B on that 
circle by the circumference, we get Bub this product (B times circumference) 

is a special case of the more general formula 



Increments . df- are along a closed B line (the 0 on the integral sign merely sym- 
bolizes the closed curve). The essential observation to be made in Eq. (4-5) is 
that i^ is the current encircled by the closed curve. Furthermore, Eq. (4-5) is a 
special case of a more general one in which the curve along which the integral is 
taken is not necessarily identical with a B line. In that case B and && will not 
necessarily be in the same direction (see Figure 4-7), and so to agree with Eq. (4- 
the component B*u^. must be used, giving 




(4-5) 




(4-6) 



Up to this point, we have only shown that Eq. (4-5) is a special case of 
Eq. (4-6) and also that the relation 2nrB « p^i^ is in turn a special case of 
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Figure 4-7* 
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Eq. (4-5). One further generalization has to do with the possibility of having 
a coil of N turns, like Figure 4-6(b). If the closed curve encircles all turns, 
the current encircled is Ni^. Thus, using the solid line in Figure 4 -6(b), v„ 
have 

f $*U t di a ^o Ni l (^”7) 

as an equation which reduces to Eq. (4-6) when N • 1« 

In the absence of direct proof for the general case represented by Eq. 
(4-7), this equation will be taken as a basic postulate. By this statement 
we mean that Eq. (4-7) has not been proved experimentally for all possible 
coil shapes and sizes, but its consequences are consistent with all observed 
phenomena. Equation (4-7) is one form of Ampere's circuital law. Relative 
to Eqs. (4-6) and (4-7), a word of explanation is needed concerning the rela- 
tionship between the direction of u t , which is along the curve of integration 
and the direction of i^. They are related in accordance with the right-hand 
screw rule 5 the reference direction of ± 1 is the direction a right-hand screw 
will advance when rotated around the curve in the direction of u. Figure 4-7 
shows this relationship. 

Ampere's circuital law permits the solution of another simple problem, 
involving the toroidal coil shown in Figure 4-8. From the symmetry of the 




Figure 4-8. 
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1 figure, it is evident that, at every point within the coil, B will be tangent to 
a circle, as indicated. This circle, of radius r, encircles amperes, enter- 
ing the paper. Thus, the right-hand screw rule shows that u t should he in the 
direction shown, and Eq,. (4-7) becomes 



4 ever, Eq. (4)8) applies only for the region inside -toe coil . For points outside 
the coil, B is. zero. This we can see by observing that any other circles, such 
as or Cg, will encircle no current. 

5 4-3. Force on a Moving Charge 

The phenomenon of force on a current carrying conductor can be extended to 
the situation where free charges (as distinct from charges within a conductor) are 
moving in a magnetic field. A common example is a television picture tube, in 

6 which control of the motion of a stream of electrons is partially provided by a 
magnetic field. 

The current in a conductor can be viewed as due to the motion of a row of 
charges, symbolized by the dots in Figure 4-9- These charges, are all of one sign, 

7 



2 



2rtrB « Mi x 



or 



R x < r < Rg 



(4-8) 




With the exception of the introduction of W, this is the some as Eq. (4-3). How 
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Figure 4-9* 
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and if the conductor is uncharged, there is an equal number of stationary 
charges of opposite sign, not shown in the figure. Let w * w u bp the average 
velocity of the moving charges, and let N be the number of them per unit 
length. Each moving charge has a charge q. In an increment of time At each 
charge will move a distance w£t, and therefore in time At all charges in this 
length will pass a given cross section, such as A. Thus, the current is 

If the conductor is in a magnetic field, we have seen that the force 
on it is 



A? - igA0 (u X B) 

Mow we postulate that the force on the wire is actually due to force on the 
moving charges, and substitute for in the above, to give 

AF « (Nq w Ae)(u X B) 

■ (Nq A#)(w X B) 

since wu » w. Finally, in length a# there are NA0 charges, and so dividing 
by Na 0 will give 



F = q(w x B) (4-9) - 

as the force on one charge. The above postulate implies that this formula 
will give the force on a moving charge even when it is not in a conductor. 
Experiment on the deflection of the electron beam of an oscilloscope bears 
this out, and so Eq. (4-9) should be regarded as giving the force on a moving 
charge under all circumstances , whether it be a free electron or ion, a 
physically moving charged object, or the charges within a conductor or semi- 
conductor . 

The force described here is known as the Lorentz force. 



4-4. Motional Induced Voltage 



Having established the idea of a magnetic flux density, and the Lorentz force, 
we are prepared to consider what happens when a conducting body moves in a magnetic 
field. Consider the experiment illustrated in Figure 4-10(a), in which a wire PQ 
is perpendicular to a pair of conducting rails along which it slides with velocity 
w in a direction parallel to the rails. Furthermore, there is a magnetic flux 
density B which we consider to be uniform over FQ and perpendicular to the plane of 
PQ and w. 

The conducting wire contains charges which are forced to have a velocity w be- 
cause they must move with the wire . They therefore experience a Lorentz force which 
pushes them along the wire. Since the free charges are electrons, they move toward P 
in the direction of -(w x B). As a result, a charge separation takes place, as in- 
dicated by the polarity markings in Figure 4-10(a). By virtue of this charge separa- 
tion, there is a potential difference v, which can be measured by a voltmeter. The 
charge separation takes place very quickly, and the motion of charge stops when the 
electrostatic force due to the separated charges is exactly equal to the Lorentz 
force, as indicated in Figure 4-10(b). Since the conductor is perpendicular to the 
plane of w and B, the lorentz force acts along the wire, and the work that it does 
in moving a unit of charge from P to Q is the force per unit charge times iJ,» In 
the notation w a w u^ and B * B u^, since w and B are perpendicular to each other, 
on a positive charge this force, of amount Bw, is directed from P to Q. Thus, the 
work per unit positive charge is 







e pq = (4-io) 

This quantity (e ) is called the electromotive force (frequently abbreviated emf ) 

Fvj * " 

acting from P to Q.* However, from the energy conservation postulate, the work 
done by the Lorentz force in moving a unit charge from P to Q must equal the work 
the electric field caused by the charge separation would do in moving it from Q 
back to P. But this is the potential difference v (or v^). Thus, for this situation, 



v 




(4-11) 



This terminology is a misnomer, because electromotive "force" is a scalar quantity ( 
(energy) whereas force is a vector. This incorrect terminology is a heritage from \_) 
the past which persists due to long usage. 
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Either of these is loosely terped induced voltage. In view of the identity 
of Vqp and e^, one might naturally wonder why a distinction is made between 
them. As we shall see later, the reason is that when current flows in the wire, 
v^p is no longer equal to e^. They are the same only on open circuit .- 

In the above example, the moving conductor, B, and w are mutually per- 
pendicular. The result is an equation for e^„ completely in the scalar quan- 

•t'v* 

tities B, w, and a£. It is not difficult to show that in the absence of 
mutual perpendicularity of B and w, the general formula is 



'B* 



M„ * (w x B)a8 



( 4 - 12 ) 



where u is a unit vector from P to Q along This result will not be proved 
c 

here. 

In che case of a conductor which is extensive enough so that B cannot be 
considered uniform over its length, and may not necessarily be straight, Eq. 
(4-12) can be regarded as the emf induced in an incremented element of length 
Af. An integration can then be performed with respect to a variable i measured 
along the conductor, giving 

Q 



'PQ 



/ V 



X B)di 



( 4 - 13 ) 



Reference to Figure 4-10 (c) will help to clarify the meaning of this integral. 
Note that at each point on the curve u^ is tangent to the curve and directed 
toward Q. 
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A simple application is shown in Figure 4-11, where PQ is moving with velocity 
w, and 5 is due to current i^ in a long straight conductor. In the region of con- 
ductor PQ, 3 is into the paper, as indicated hy crosses. It will be found that 
(w x B) is negative, and since 



•* 

u 



we get 
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Figure 4-11. 



4-5. Faraday Induced Voltage 

7 Next we consider an experiment, illustrated in Figure 4-12(a), which involves 
the effect on one circuit of a changing current in another circuit. A voltmeter 

is connected to the open ends of a loop of wire, and the loop is near a long wire 
carrying a current i^ which varies with time. The wire is in the plane of the loop. 

8 Voltage indications on the meter are described by the following observations: 

(1) When i 1 is decreasing, the voltmeter will show a negative indication 
(indicating a potential difference opposite to the meter polarity marks). 

(2) When i^ is increasing, a voltage of the indicated meter polarity will be 
observed. 

( 5 ) The magnitude of the voltage is proportional to the m agn i tude of the rate 
of change of current. 
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( 4 ) For a given rate of change of current, the magnitude of the voltage 

varies inversely with distance from the wire, and at any given distance 
is proportional to the loop area.* 



Although the above observations involve current i , a mathematical relation- 



ship describing these phenomena can be obtained by using the magnetic flux den- 
sity vector (B), since B is related to i^ by the Biot-Savart law, B • ty^i^/4jcr . 
If u is a unit vector directed out of the paper, from the center of the loop, 
then IT m Bu, where B • ii^i^Anr. The observed phenomena are accounted for by 
the formula 



QP 



d(AB) 

dt 



where B is the average value of the flux density within the loop, and A is 
the loop area. The above observations (l), (2), and (5) are accounted for by 
the negative sign and the fact that B is proportional to V and observation 
( 4 ) is accounted for by the way B varies with r, and by the inclusion of the 
factor A. 

A further experiment using a coil of N turns of wire will lead to the 
observation that the voltage is also proportional to N« Thus, for this case, 
the above equation would include the factor N. 

The quantity <p » AB is called the magnetic flux linking the loop. If the 
loop had not been normal to the B vector, the induced voltage would be smaller, 
and investigation would have shown that the component (B*u) of B normal to the 
loop should be used, in obtaining <p° Thus, a general formula for flux is 



0 » A B • u 



(VlA) 



where u is normal to the loop, and B*u is averaged over the loop surface. This 
relationship between <p and B is, in fact, the origin of the designation of B 
as flux density . ■- 



The functional relationships described in ( 4 ) are accurately true only for a 
loop of infinitesimal size. 



$ 
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In s imilar ity with the case of nationally induced voltage, it is convenient 
to introduce e„ - v^ as the work done by the changing magnetic field in moving 
a uni t positive charge from P to Q. Thus, using Eq. (4-l4) for <ji, and assuming 
a loop of N turns, the equation for the electromotive force is 



e PQ dt 



(4-15) 



Since, on open circuit, v pQ = - v^ = - e^, the above equation can be 



3 written in terms of potential difference, as 



k M 

T PS = H S 



(4-16) 



It is to be emphasized that Eq. (4-l6) gives the terminal voltage onl£ on open 
circuit * 

A word of explanation is needed concerning the sign in this equation. As 
defined in Eq. (4-l4), $ is a scalar quantity having a reference direction 
(like current). This involves a somewhat fictitious view of <p as something 
that "flows’*, but it is a useful idea. Obviously, the negative sign in Eq- (4-15) 
has no meaning unless reference directions for scalar quantities e p ^ and <f> are 
properly defined. \ The reference for e pQ is indicated by the order of subscripts 
(i.e., work done in moving positive charge from P to Q). The reference for <J> is 
obtained from the order PQ by the right-hand screw rule, by stating that the unit 
vector u* in Eq. (4-l4) shall point away from area A in the direction a right- 
hand screw will move when rotated according to a progression from P to Q, along 
the loop. This is illustrated in Figusfe 4 -12(b). The reference direction of (f> 
can be regarded as a direction from one side of the loop to the other, m the 

direction of u*. 
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Figure 4-12. 
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In the above discussions, variation of B within the loop was not considered, 
having been tacitly accounted for by saying that B in the formulas is the average j 
value. Where B varies over the area, an integral is used to obtain 0. This is 
done by observing that £$ = S*u2ia is an increment of flux through an area Aa, 
where *uT is normal to Aa. Thus; in general 

0 • JJ ffvTda (4-17) 

over surface 

should be used for flux whenever B is not constant. 

For example, for the rectangular loop in Figure 4-13, the area element 



■A 






r 






T 

h 

1 






Figure 4-13 • 



is hdr, andTT*u » jLi. /4jtr, giving 



* 



as 

r 2 dp 
4jc J p 



Wl h . r 2 



The unit of 0 in the MKSC system of units is the weber* 



*In the electromagnetic system, 0 is in maxwells (gauss x area in cm. 2 ), 
maxwell * 10”° weber. 



One 









4-l8 . 



1 Equation (4-15) or its equivalent, Eq. (4-l6), is an expression of the 

Ear a day lav of induced voltage. It is presented here for a simple geometrical 
arrangement, hut it is postulated as a generally valid law, regardless of the 
source of <J> or the cause of its variation with time . In this example, <p varies 

2 with time by virtue of the time variation of current i^. However, <J> nay change 

with time due to the motion of a fixed current, due to motion of a permanent 
magnet, or simply due to the motion of a piece of iron in the field. 

In some applications a loop moves in a changing magnetic field. In such 

3 a case care must be exercised to be sure that Eqs. (4-13) and (4-15) a^ e used 

correctly. Carelessness in this respect once lead to an interesting historical 

mistake . * 



4 4-6. Elementary Energy Relations 

The previous two sections have shown how induced voltage (emf) can be de- 
rived from IT or 0, or both , and this was related to potential difference when 
the device in question was on open circuit. That is, no current was allowed to 

5 flow, except for the slight momentary current flow during the short period of 
time while charge collects on the terminals. 

How consider Figure 4-l4 in which the loop between P and Q is subject to 

6 

It was once proposed that a commutator- 
less d-c generator could be made in the 
manner shown in the figure. It was pro- 
\ posed that the stationary coils should 
„ be supplied by alternating current, ar- 
' ranged to reverse once each half revolu- 
tion of the rotating coil. The argument 
went that the voltage induced in each 
side of the rotating coil would always 
be in the same direction because as the 
g direction of motion reversed at the top 

or bottom of its circular path the di- 
rection of flux would also reverse. How- 
ever, when the effect of the time variation 
of flux is included, it is found that d-c 
is not obtained; and this is in agreement 
9 with experiment. 
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an induced voltage, either by virtue of conductor motion or time varying flux. 





Figure 4-l4. 

We have seen how to determine ep^, and it has been recalled that this quantity 

Is the work done per unit charge by the magnetic field in moving this charge 

from P to Q around the loop. In the present case, the terminals are connected 

to a resistor R and so a current will flow and the emf e will continually do 

* 

work. Since ep^ is work per unit charge, and i is units of charge;.*per second, 
this work will be at the rate ®p^i» Using the conservation of energy postulate, 
this energy rate will equal the sum of A + Aq, where R Q is the resistance 
of the loop. Thus, 



V - l2 ( R + V 



or 



e p$ = + 



But, i R « v qp> the potential of Q with respect to P. Thus, 






(4-18) 



Note that if i =0, this reduces to the previously obtained equation v A _ * e„ . 

Equation (4-l8) shows the reason for making a distinction between potential 

difference and emf. Whereas the term ’’induced voltage" may be used to designate 

an open circuit potential difference, v A _ in Eq. (4-l8) should not be called an 

4r 

induced voltage. An emf can be measured by a voltmeter on open circuit (neg- 
lecting voltmeter. .-current ) $ or by applying a short circuit to make v AT , » 0 
so that ep ■ iR , which determines ep if i and R^ are known. 



Hr ritiif ^ ■ 1 - i( rr r nVfi 1— -iiFnir 
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1 Equation (4- l8) is the general relationship between terminal potential dif- 

ference and current for any device in which there is an ele ctro m ag n e t i cally induced 
voltage . If we define the quantity v Q ■ e p ^ (where v Q is the open circuit value of 
v ) and use it as a voltage source in the circuit of Figure 4-l4(b), we see that 

2 Eq. (4-l8) will be satisfied by this circuit. Thus, this is an equivalent circuit 

for the source device. It looks like a Thevenin equivalent, but is derived here 
from different concepts. 

When an induced voltage causes a current to flow, as in Figure 4*l4(a), a 

3 check of the current direction will show that it will always be in such a direc- 

' tion that the magnetic field caused by that current will act to oppose, the action 
creating the emf . This principle is known as LenzVs law. If the emf is due to 
motion, as in Figure 4-10 (a), the force on the conductor due to the current flowing 

4 in the B field (the same field which causes the emf) will oppose the motion. Thus, 
due to thi s opposition, mechanical work must be done to maintain velocity w. In the 
case of an emf due to a changing flux, as in Figure 4 -12(a), the current caused by 
this emf when the circuit is closed will create a flux opposing the flux change 

5 which causes the emf. 

Lena's law is a consequence of conservation of energy, being a statement that 
there is an opposing action to any action which will cause a current to flow, such 
opposing action necessitating an expenditure of energy on the circuit. 

6 

4-7. Ferromagnetic Material 

The next experiment to be considered is illustrated in Figure 4-15, where B 





Figure 4-15. 



4-21 

is to be found within the circular iron ring, encircling a long straight current- 
carrying conductor, as shown in the figure. The cross-sectional area of the 
ring is uniform, and dimension h is very small compared with r.* Obviously, 
the force on a test conductor cannot be measured within the iron, and so a dif- 
ferent method of measuring B must be used. 

The total flux through a cross section of the iron can be determined by 
placing a loop of conducting wire in the manner shown and conne ing this to 
a voltage recording device such as an oscilloscope. Although such an arrange- 
ment cannot measure 0 directly, it can be used to measure a change in 0. Thus, 
suppose i is increased in a sequence of jumps, in the matter illustrated 
graphically in Figure 4-l6(a). With each increase in current, the flux will 
increase an amount £0. Now, since 




at any one of the jumps, say the second, we get 

v Ct (4-19) 

This integral can be evaluated from the oscilloscopic record of v as a function 
of time.** By making a succession of such measurements, the data points on the 
solid curve in Figure 4-l6(b) are obtained.*** It is found that as the cur- 
rent increases by equal increments, successive increments of 0 become smaller, 
causing the curve to flatten out. This phenomenon is called saturation . 




The reason for this requirement is that in view of Eq. (4-2) we should expect 
B to vary with radius. By restricting h to a small value, there cannot be mud 
variation of r to all points in the ring, and thus B will be nearly constant 
over a cross section. 

This integral is normally evaluated by the use of a ballistic galvanometer, 
but in the interest of maintaining a direct attack on the immediate problem, wt 
avoid this detail. 

XMX 

Readers with awareness of the phenomenon of hysteresis, will realize that this 
curve will be obtained only if the iron is initially unmagnetized. This state 
can be attained by starting with a lar t e value of i, reversing i to a slightly 
smaller value, and repeating this process until the current is zero* 
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The curve of Figure 4-l6(b) is a property of a particular ring. In order to 
attain a curve which yields intrinsic properties of the magnetic material, inde- 
pendently of physical dimensions, a further experiment is needed, using a ring of 
different diameter, say twice as large. A new curve will then "be obtained, like 
the one shown by the dashed line in Figure 4-l6(b). The amount, of current i re- 
quired to yield a specific value of 0 will be doubled. Thus, if we had plotted 
i/2;tr instead of i as the abscissa, the same curve would have been obtained in 
both cases. Thus, by using i/2jtr as the abscissa, the diameter (or circumference) 



parameter is eliminated. Furthermore, the cross-sectional area A can be eliminated 
by dividing 0 by A, to give B.® The result will be a similar curve with changed 
labels on the .axes, as shown in Figure 4-l6(c). A new variable (H) has been intro- 
duced such that 



H 



i 

2jtr 



H * Hu. 



( 4 - 20 ) 



Since dimensions of the ring have been el i m in ated from consideration in Figure 
4-l6(c), the B-H curve is a property of the materiel, called a normal magnetization 

curve. 

H is a fundamental magnetic quantity, celled the field Intensity vector. In 
the MKSC system of units, H i3 expressed in amperes per meter. 



®this neglects the slight variation of B over the cross section. 
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Let the formula 



B s» f (h) (4-21) 

m 

describe the functional relationship between 3 and H, such as the graph in 
Figure 4-l6(c). In iron and in similar media, which are called ferromagnetic, 
the relationship is non-linear . In air, the relationship can be determined 
by comparing Eqs. (4-2) and (4-20); it is seen to be 



B = tl Q H (4-22) 

This is a linear relationship showing that B and H are proportional . 

There are other materials than air in which B is proportional to H« 
For these, we write 



B = W (*-25) 

where k is a constant called the relative permeability . If k < 1, the mate- 

rial is called diagmagnetic s if k > 1, it is called paramagnetic . However, 

the value of k for such materials is but little different from 1; for example, 
m . 

one of the larger values is 1.003 for liquid oxygen. 

The linear relationship in Eq. (4-23) is sometimes used, even for ferro- 
magnetic materials, as a linear approximation for the general relationship in 
Eq. (4-21), as indicated by the dashed straight line in Figure 4-l6(c). This 
is often done in preliminary design calculations, where the advantages of a 
linear equation (as distinct from a graph) outweigh the inaccuracies involved. . 

Examples of normal magnetization curves for several ferromagnetic materials 
are shown, in Figure 4-17- Also included is the straight line B » I^H. It is 
apparent that B can be increased very appreciably by the introduction of iron, 
an important consideration in the construction of many items of electrical 
apparatus . 

lit most cases (and all cases to be considered in this text) H is a vector 
in the direction of B, where the relationship between their magnitudes is 
either given graphically or by Eqs. (4-22) or (4-23). The exception occurs in 
certain materials which are non -isotropic (materials which exhibit different 
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properties in different directions), in which B and H do not necessarily have 
the same direction. 
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4-3. Hysteresis 

Again referring to Figure 4-15, assume the current has been increased, 

bringing the magnetic state to point P in Figure 4-l8 and then let the current 

be decreased in steps. With each jump downward, £$> can again be obtained from 

the integral of voltage. It will be found that demagnetization will take place 

along a curve higher than the original one, as indicated by the arrow. If the 

current is then carried to negative values, as far as -H^, and then back to 

H . a closed curve called a hysteresis loop will be obtained, 
nr 

Ordinate B^, where the curve crosses the vertical axis represents the 
flux density remaining in the iron when the current has been reduced to zero, 
is called the remnant flux density, and abscissa H„, the value of H required to 

■ U 

reduce B to zero is called the coercive force . The phenomenon of hysteresis 
described here further complicates computations involving m ag ne tism in iron. 

Not only is the material non-linear (B not proportional to H) but the relation- 
ship between B and H is multivalued . For a given H, the value of B depends on 
the previous magnetic history of the iron. In many cases approximate calcula- 
tions are made using the normal magnetization curve. However, there are ap- . 
plications in which the hysteresis phenomenon is of paramount importance. One 
of these is in devices involving "magnetic memory," such as tape recorders and 
memory devices used in computers • The memory capability arises from the above- 
mentioned fact tha t magnetic state depends on what has happened in the past. 

For example, by measuring the flux at zero current (giving either +B r or -B r ) 
it is possible to know whether the magnetization was previously at P or Q. 
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4-9* Magnetic Circuits 

A magnetic circuit is an arrangement of ferromagnetic materials forming 
closed paths, sometimes including short gaps of air or of other non-magnetic 
materials, so as to form an easy path for magnetic flux. The source of the flux 
consists of one or more current-carrying coils of wire surrounding some portion 
of the path. 

Figure 4-19 shows some examples of magnetic circuits, taken jfrom typical 
electromagnetic devices. The iron ring shown at (a) might be the "core” of a 
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transformer on which there are two or more windings. With a single winding, the 
device is an inductor . To determine the amount of flux in the iron due to a given 
current in one of the windings would constitute a magnetic circuit problem. As 
another example, consider Fig^.*4-i9()>) which shows the magnetic circuit of a d-c 
2 generator or motor. Suppose it is a generator, to operate at a specified speed 
and voltage. This will determine the required value of B in the airgap between 
the rotor and the poles, by way Eq. (4-10), and thus a certain airgap flux is 
known to be required. Final solution of this problem would then determine the 
5 number of turns and current on the "field” windings required to produce this flux. 
This is also a magnetic circuit problem. Our final example. Figure 4-19(c), shows 
an electromagnetic relay. The force on the moving armature is a function of the 
airgap flux, and thus a certain flux wiil be required to cause the relay to close. 
4 If this required flux is known, a magnetic circuit problem is then solved to 
determine the specifications of the coil (current and number of turns.) 
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Figure 4-19* 



We shall now consider how magnetic circuit problems like the above can be 
9 solved. As a start, we return to a consideration of a uniform iron ring, like 

Figure 4-15, but with a variety of coil arrangements as in the examples in Figure 
4-20. The case shown at (2) is the simplest.- It is similar to Figure 4-8, except 
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Figure 4-20. 



that now the coil is wound on an iron core. It can he shown experimentally that 
if the product Ni in Figure 4-20 is the same as i in Figure 4-15* and if* the 
iron ring dimensions are the same, then the flux in the iron will he the same. 
Now suppose the product Ni is also the same in the examples at (h) and (c) of 
Figure 4-20. It will he found that the flux in the iron is approximately the 
same as before, although by moving a test loop (like the test loop of Figure 
4 - 15 ) to various points around the ring it will he found that there is a slight 
variation of flux* and that the flux is slightly larger near the windings. 

This empirical result is significant,, because it implies that the flux in 
a ring of magnetic material of given dimensions is approximately dependent only 
on the total current linking the ring (current in the wire times the number of 
turns, in the case of a coil). It is concluded that B and therefore H are 
nearly ;bhe same in each case, and that Eq.. (4-20) approximately applies if we 
replace i by Ni, giving 



2jitH * Ni (approximately) 



(4-24) 
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The v a lue of H at a given point (fixed r) depends on the product Ni. The 
same H is obtained for different values of N and i, so long as the product is 
the same. Ni is called magnetomotive force ,* abbreviated mmf, and is given the 
symbol U. Its unit is the ampere , (its unit is sometimes taken to be an ampere - 

turn , but a turn has no dimensions. ) 

Let us tentatively leave this approximate relationship and consider the 
further experiment- shown in Figure 4-21. In this case the ring shown at (a) in- 



cludes an air gap . It is assumed that the airgap length Z is small compared with 



the linear dimensions d and h of the cross section. It is also assumed that there 
is some means for closing the airgap temporarily, say by bending the ring slightly, 
as shown in Figure 4-2l(b). Using a test loop like the one shown in Figure 4-15, 
two magnetization curves can be determined, one for the ring without the airgap, 
and the other with the airgap as shown in Figure 4-2l(c). 

Consider a specific value of flux as indicated by one of the horizontal lines 
in Figure 4-2l(c). When there is no airgap, the required current is determined by 
U , a specific value of Ni obtained from the magnetization curve. When the airgap 

X 



is included, it is found that the mmf must be increased by an amount U & in order 



to maintain the same flux in the iron. 
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Figure 4-21. 



*'jhis is another example of incorrect terminology which persists due to long usage. 
Magnetomotive "force’ 1 is not a forcej it is a scalar, not a vector. 






Recalling that it is an approximation to assume that flux is the same every- 
where in the ring, > it would be meaningless to retain the slight variation of H 



with r implied by Eq. (4-24). Instead, we will let be the average circumfer- 



ence of the entire ring when the gap is closed; this is the same as the average 
length of the iron when there is a short gap. Thus, for the closed-gap situation, 
Eq. (4-24) becomes 



H.i. U. 

1 i l 



(4-25) 



where H. signifies H in the iron- Since B = <p/k is the same for both cases. 



and since B and IL are related by a magnetization curve which is a property of 



the iron, H. is the same in both cases. If the quantity U is picked off this 

X & 



curve, for various values of 0, and plotted as a function of 0, as in Figure 
4-2l(d), a straight line will be obtained. The slope of such a line can be ob- 
tained ftom experimental measurements, and will be found to be very close 
numerically to yx^k/z^. Thus, the equation of this line is 



<P 



l*0 A 



( 4 - 2 $) 



Let us now imagine a flat surface of area A in the airgap, as indicated in 
Figure 4-2l(a), and assume that the flux through this area is 0, the same as the 
flux in the iron. This is clearly an assumption at this point. Dividing both 



sides of Eq. (4-26) by A, gives B on the left, and so we get 

81 



B 



“ 0 <r> 






But this is of the form B = (the relationship between B and H in air) and so. 



if the assumption about flux being the same in the iron and the airgap is cor- 
rect, then 



U «Hi 
a a a 



(4-27) 



Now, since 
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from Figure 4-2l(c), it follows that 

H.4. + HI - Ni (4-28) 

i 1 a a 

This is a tentative result, based on an assumption that 0 is the same on both 
sides of the gap interface between iron and air. 

We shall now show that there is a certain similarity between Eq. (4-28) and 
Ampere's circuital law as given by Eq. (4-7). Referring to Eq. (4-7), if toth 
sides are divided by |Aq, we get 

^ if • \ di * Ni (4-29) 

According to the original statement of Ampere's circuital law, the integration 
path for the above equation is wholly in air. Nevertheless, we shall tentatively 
apply it to the closed path in the iron ring and airgap of .Figure 4-2l(a). We 
find that in iron H-u^. = H^, and in the airgap l»u t = H & (H^ and are both con- 
stant) and so the integral on the left of Eq. (4-29) reduces to the left-hand 
side of Eq. (4-28). 

On the clue that Eq. (4-29) applies to a special case having part of the 
path in iron, we shall now introduce a postulate to the effect that Eq. (4—29) 
applies to a 11 possible integration paths in all situations. This is the general 

Ampere's circuital law. 

The condition 0 * 0^ used in arriving at the above must also Jue : stated . 
as a general postulate. This is done most easily in terms of the flux entering 
and leaving a closed surface . Specifically, referring to any hypothetical closed 
surface, as in Figure 4-22(a), it is postulated that the flux entering the volume 
equals the flux ieaving. This postulate is known as Gauss ' law for magnetic 
fields . To show that this postulate is consistent with 0 ft ■ 0 t , we refer to 
Figure 4-22(b), in which a "pill box) shaped volume is used, with a side surface 
of infinitesimal height, so that any flux leaving this surface will be negligible 
(if b should have a component normal to this surface). One face of the surface 
is in the iron, and the other face is in the airgap. Thus, 0^ is the flux enter- 
ing, and 0 is the flux leaving. Gauss' law states they are equal, she ng that 

£t 

the original assumption 0 » 0. is consistent with Gauss' law. 
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Figure 4-22. 



These two postulates are fundamental to the theory 'of magnetism and have 
far-reaching consequences which can he checked by experiment <> All evidence 
indicates they are true* We may therefore regard them as fundamental laws, 
although in reality they remain postulates because their validity is based on 
evidence now available.* 

Before proceeding to a description of methods of solving magnetic circuits, 
some interesting consequences of the above two laws can be shown, with reference 
to Figure 4-23(a). A closed integration path a-b-c is shown. Obviously, it 
does not link a current, and so for this path 



wH*h t - di 



But that part of the integral due to the path in iron and* .airg&$.JLs 
2H.i, + H A , where the lengths &. and l are shown in the figure. Thus, 

X X cl cl X 8, 



r H-uld^ ** -(2H. i, + Hi 
J t 1 1 a £ 



(air) 

The quantity on the right is not zero, and so it is concluded that H along 4 \e 
air path c-a cannot be identically zero. Since B « B is also not 

The "law" of conservation of energy, which was really a postulate, is a good 
example of the tentativeness of a postulate. . Until the discovery of nuclear 
reactions, this postulate satisfied all available evidence. However, it is 
known that it is not universally valid, and so can be used only in those sit- 
uations in which there is no mass -energy interchange. During the 1^40s there 
was a flurry if excitement in scientific circles concerning purported experi- 
mental evidence that "magnetic charge" had been discovered. If free magnetic 
chayges exist, then Gauss’ law for magnetic fields, as stated here, will not 
be true. The evidence for free magnetic charge was not conclusive, and so we 
continue to rely on Gauss’ law. 
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identically zero.* We therefore conclude that there must always be some flux in 
the air surrounding a magnetic circuit. There is no such thing as a magnetic insu- 
lator , and in this sense a magnetic circuit differs from an electric circuit. 

Let us pursue the same line of reasoning to investigate the airgap flux. If 
it is assumed that the field lines go straight across the gap as in Figure 4-23(b), 
an integration path a-b-c can again be used, showing that B cannot be zero every- 
where along c-a, outside the gap. Accordingly, it is necessary for there to be 
fringing of the gap flux, as shown in Figure 4-25(c), by an amount sufficient to 
satisfy Ampere’s circuital law. 

The flux lines surrounding the ring will be somewhat as shown in Figure 4-24(a). 
Gauss’ law gives additional information, if applied to the volume element shown at 
the top of this figure. If 0 is the flux in the iron entering the volume at the 
left, an amount £0 will leave the iron through the sides. Thus, by Gauss’ law, 
the flux leaving the right, in the iron, ia,<0- Thus, the flux in the iron gets 
progressively weaker with increasing distance from the coil. In many cases, how- 
ever, the variation is negligible. 

The difference between the flux through the coil, 0., and the flux 0 at the 

^ 8 
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We say "not identically zero” meaning not zero at all points. We cannot conclude, 
however, that there are no points where B and H are zero. 
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Figure 4-24. 

gap, namely 

*t m *t - * g . 

is called the leakage flux * An arrangement like Figure 4-24(a) can be treated a 
a magnetic circuit only if <j> is small compared with 0 . Whether or not this is 
true depends on the permeability of the iron, and also on the geometrical shape. 
For example, an arrangement like Figure 4-24(b) can have a very large leakage 
flux.* 

4-10 . Solution of Magnetic Circuits 

Reference should again be made to Figure 4-19, as illustrations of typical 
magnetic circuit problems. Particular note should be made of the fact that air- 
gaps are often essential, as in the case of a motor or generator - where mechanics 
clearance is necessary, or in the relay where opening and closing motion is pos- 
sible only if there is an airgap. Also, it is to be noted that in the generator 
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It can be shown that for a reasonably dimensioned circuit (not distorted like 
Figure 4 -24(b)) without air gap the ratio of core flux to leakage flux is ap- 
proximately 





where and Z Q are respectively the lengths of the iron path and the coil 
length, and ^ is the relative permeability of the iron.o When there is an 
airgap, this ratio is smaller :.iru-propOrtion , to. .the reductioaai^.^idueotOh 
the airgap. 




there are two magnetic circuits which share a common branch through the center. 

The previous section established the principles upon which solution of mag- 
netic circuits is based, including the notion that such solutions are always ap- 
proximate. We reiterate these principles here, in terms of the example in 

Figure 4-25* 
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Figure 4-25* 




(1) Branches are identified such that in each branch the cross-sectional 
area is the same, the material is the same, and the flux is the same. 
Thus, in example-, (bj, :two branches are identified and labeled ac- 
cording to their lengths °, i^, jfcg# 

(2) It is assumed that in an airgap the flux density is the same as in 
the iron, and that B is uniform across the airgap (i*e., fe i aglag 
is neglected). 

(3) For each circuit the algebraic sum of the magnetomotive forces across 
individual branches is equal to the mmf supplied by coils linking the 
circuit. The magnetomotive force across a branch is the product of 

H times the length of the branch. A magnetomotive force term is 
positive in this summation if the reference direction of 0 is related 
to the reference direction of the coil current by the right-hand 
screw rule. (This rule is a statement of Ampere’s circuital law.) 

( 4 ) At any junction of branches, the algebraic sum of fluxes entering 
equals the algebraic sum of the fluxes leaving. (This rule is a state 
ment of Gauss’ law for magnetic fields.) 



1 



4-35 



( 3 ) In any given branch, H is related to B ® 0/A by the mag- 
netization curve of magnetic material, or in an airgap ty 



H 



B 



(4-30) 



^0 A 



It is noted that rules (3) and (4) are quite similar to "the Kirchhoff volt- 
age and current laws. 

For examples of solutions , we refer to the three simple** cases shown in 
Figure 4-25. At (a) there is only one branch, and the circuit has uniform cross 
section. Therefore, 6 is everywhere the same, a^d/'sincp:*|l. and .Hare related 
magnetizatian.:curye;>-.H is. al6o )unifottn , and rule (3) gives 



8 



HA » Ni • 

We assume a magnetization curve is available, and from H * Ni/i the correspond- 
ing B is obtained graphically. Ifcom this, 0 » BA is known <> Thus, if Ni is 

given, 0 can be found. Also, if 0 is given, B is known, H is determined from 

* 

the curve, and finally Ni can be found. 

The example of Ftg*-A-&5Cb)*3s more complicated, because there are two 

branches, and the corresponding equation is 



* 1*1 + v 2 53 Ni 



(4-31) 



Although 0 is the same in both branches, and are different because 
B 1 » 0/j^ and B 2 =» 0/A 2 are different. 

Suppose we are to obtain Ni if a required value of 0 has been specifiedc 
and Hg are obtained from the same B-E curve (assuming both branches are of 
the same magnetic material) as indicated in Figure 4 -26(a) » Bg is greater than 
B x because A ± is greater than A g . Corresponding values of and Eg are read 
off the curve, and substituted in Eqo.\(4-3l) to give Ni as the required answer. 

Now consider the more interesting case, where Ni is given and. we are 
asked to find 0. The key to the solution of this problem is in the fact that 
0 must be the same in both branches. Accordingly, as in Figure 4-26(b), a 









; ^ Figure 4-26. 

magnetization curve for each branch is constructed as a curve of 0 vs. magneto- 
motive force (Hi), and the value of 0 is found such that the two abscissas add up 
-co the given Ni as required by Eq. (4-31)° That is > the horizontal line must be 
! 7 moved up and down until .1^ + .U 2 * Ni. Note that these two curves are for this 
i specific circuit, since curve (l) was obtained from the universal B-H curve by 

; multiplying B by A ± and H by j^, and curve (2) was obtained by using and i g 

in a similar way. This method involves a graphical procedure, incorporating a 
| 8 series of trials. The trial aspect can be eliminated, however, by using the scheme 
| shown in Figure 4-26(c). One of the curves is reversed, and positioned so that the 

■ two origins are spaced an amount Ni. Then, .U^ + * Ni is automatically satisfied 

| at the point of intersection, which then yields the required value of 0. 

i 9 The above method is restricted to circuits of not more than two branches. 

In many cases, the second branch is an airgap, as in Figure 4-25(c). This is 
merely a simple example of the previous case, in which 0 vs. U for the airgap 
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Is a linear relationship 



•SMo 

« 2 = H 2 X 2 - )0 



Thus, series circuits of uniform cross section, with an airgap, are easily solved 
graphically , as in Figure 4 -26(d). 

Many arrang eme nt s with two parallel circuits, like the generator of Figure 
4-19(b), can be solved as a single series circuit, because of symmetry. Thus, 
the two circuits of Figure 4-27 are equivalent as regards the relationship be- 
tween 0 and Ni. We can see this by observing that 0 = £0^ in Figure 4-27(a), 
so that in a side branch B = 0/2A. By increasing the area to 2A in Fig.J^7(b)4--B,). 
and therefore H, remains the same. 
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This kin d of simplification does not apply, however, to Figure 4-28, because 
the two sides are not symmetrical. The only way this circuit can be solved is 



to assu me that 0 b is known. Then, can be obtained from properties of the air- 



gap, and megnetization curves yield and H^. Thus, in the equation 

(4-32) 



V2 ' ( V 3 + V5 + H lfV = 0 



obtained by summing H l terms around the outside in accordance with rule (3)> 
the quantity in parenthesis is known. From this can be determined, and 
from a magnetization curve B c ancL.".0 become known. Then, from rule (4) we have 

^ V 
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(4-33) 



and <J> determines &.«{• Finally, the equation 
£1 -*- 

Vi + Va • Hi 

for the left-hand loop yields the value of Ni* If the problem is stated with the 
v; coil mmf as the given quantity, the only way to solve for ^ is to make a series 
of assumptions of then to solve for corresponding values of Ni as indicated 

above. The results can be plotted as a curve of ^ vs. Ni, from which the value 
of <L can be read, corresponding to the given Ni. 
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Figure 4-28. 
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4-11. Self Inductance 

In the previous section we have seen how the relationship between flux through 
a coil and the mmf of the coil can be determined. In general, this relationship is 
non-linear but when airgaps axe present the relationship may be approximately lin- 
ear for a considerable range of the variables <p and Ni. Also, when no iron (or 
other ferromagnetic material) is present, the relationship is exactly linear, for 
all practical purposes. For the present, we shall consider that the relationship 

is linear, and write 

<p m p Ni (4—34) 
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1 where P is a proportionality factor called the permeance of the magnetic 

circuit . 

Recall now that the emf induced in a coil of N turns linked hy a flux 0, 
using the reference directions shown in Figure 4-29* is 

(*-35) 

ah dt 

This equation has been referred to here to emphasize the importance of the 
3 quantity N0, called the flux linkage of the coil. Using Eq. (4-34) for <p, we 

get 



4 



tip m P ift. 

and define a new quantity 



L 




(4-36) 
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which, in view of the above expression for N0, can also be written 

L - PH? (*-37) 
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Figure 4-29 • 
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1 L is a property of the coil, called the self inductance . When current is in amperes 
and emf is in volts, L is in henrys . The adjective "self" implies that the flux in 
question is due to current in the coil itself, as distinct from any flux due to ex- 
ternal currents or magnets. 



as an expression for the emf induced in a coil hy its own current . 

Of course. Figure 4-29 does not show the magnetic circuit, which can have any 

4 degree of complexity $ or the coil may he isolated in air. If there is a moving 
part in the magnetic circuit, or if the dimensions of the coil change with time 
(i.e., hy squeezing together or stretching out the turns as in a coil spring which 

is being pulled and released) P and therefore L can vary with time. For this reason, 

5 L is included under the derivative symbol in Eq. (4-38). In many cases, however, L 
is constant, and so in that case 



The phenomenon of voltage induced in a coil having resistance was treated in con— 

8 nection with Figure 4-l4(a). Equation (4-l8) applies, except that in that equation 

(for v __ ) , current flows from P to ft through the coil. Now we want an equation for 
<<^1? 

v . with current flowing through the coil from a to h. Hence, the sign on the i 

o n * 



2 



As an important observation, note that for a fixed m ag n etic circuit, Eq. (4-37) 



shows that inductance is proportional to the square of the number of turns. 
Returning now to Eq. (4-35), we may use Li for Wp, to give 



e - - 

ab dt 



(4-38) 



e ab “ “ L dt 



(4-39) 



6 



ing the effect of coil resistance R , If R is negligible, recalling that . .** 

L v 

v , « - e , , we have 
ab aV 



Now we consider the terminal voltage v^ in relation to the current, includ- 
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V .flial 



ab dt 




(4-4o) 



ab' — * 

term will change, giving 
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or, inserting Eq. (4-37)> 






(441) 



The sign on iR c can be confirmed by imagining the special case where i is con- 
stant. Then Eq. (4-4o) becomes v &b - iE c , which is consistent with Ohmte. .-law 
for the reference directions shown. 

When a coil is connected to a source through an external resistor, as in 
Figure 4-30$a), we see that v a , b = ±R ± + v ab , and so 

v t , a i(R n +R ) + (442) 

a'b ' 1 c' dt 



Thus, the resistance of a coil can be treated like an external resistance, and 
therefore it is customary to use the equivalent diagram shown in Figure 4-30(^) • 
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Figure 4-30. 



The coil is then regarded as being ideal, having zero resistance. The ficti- 
tious voltage. 



v - Mai 

a"b dt 

is not accessible to laboratory measurement, but in circuit analysis may be 
treated as if it were measurable. 

Concerning the computation of inductance, we refer to Eq. (4-36) which 
shows that if the flux due to a given current can be found by solving the 



1 magnetic circuit, that equation will give the inductance. In general, inductance 
is a function of number of turns, coil dimensions, and sizes and permeabilities 
of the magnetic circuit components (if there is magnetic circuit). Formulas for 
\ coils of various shapes and sizes, in air, will be found in handbooks. Two ex 

[ 2 amples are given below. 

% for a single layer air coil of length diameter d, and N turns, as shown 

I in Figure 4-3l(a), the inductance is 

r 

[ 3 . L ■ K dfl 2 (henrys) 

i S 

\ 

! where K is the function of the dimeter to length ratio given graphically in 

^ s 

Figure 4-3l(b). Dimensions and d are in meters. A single circula r loop of 
L 4 w i re 0 f diameter d, and wire dimeter w, has an inductance given approximately by 

i' L • 2#d (in - J) X 10* 7 (henrys) (4-44) 
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Figure 4-31.* 
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For a more 
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accurate graph, see Analysis of AC Circuits, p. 399, McGraw-Hill Booh Co. 
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4-12. Mutual Inductance 



When two coils are in proximity, possible in air, or on a common magnetic 
core, a changing current in one will cause a changing flux in the other, and 
will therefore induce a voltage. Examples are shown in Figure 4-32. 
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Figure 4*#2. 



Referring to case (a), let current i^ be flowing in coil 1, creating flux <j>^ 
through itself and flux 

hs - 

through coil 2 (the subscripts 12 imply flux through coil 2 due to current in 
coil l). The factor is that fraction of flux through coil 1 which also links 
coil 2, and is always less than unity. An emf will be induced in coil 2, given 
by 

„ ^12 
e cd 2 dt 

" ‘ N 2 k 12 dt 



However, since 1^ » where is the inductanoe of coil 1, we have 

( 445 ) 



No di 

e cd * “ ^ k 12 L l^ dt 



Now. suppose the current in coil 1 is zero and that there is a varying current in 
coil 2. A similar analysis applies, this time involving a fraction k^ 
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e a b s k 21 L 2^' 



J2 

dt 



(446) 



(that fraction of the flux through coil 2 which also links coil l). We get 

N a di. 

Experiment shows that the quantities in parentheses in Eqs. (445) and (446) are 
the same. This fact is an example of the principle of reciprocity. Thus, both 
equations can he written 



di p di, 

e , «= - M *rr and e , » - M 

ah dt 



cd 



dt 



(447) 



where M called the mutual inductance between the coils, stands for either of 
the quantities in parentheses. M is related to and Lg in a man ner that can 
be determined by referring to Eqs. (445) and (446), to get 



M 






N, 



and M 



N l k 21 L 2 






\J 



5 Multiplying these two equations together gives 



= k 12 k 2i L i I, 2 



o 



6 and finally we have 

M=k (448) 

7 where k = '/^ L2 k 21 is called the 2 £ coupling.. Since and k^ are 

each less than unity, k is less than unity, giving the result 



8 

Values of k very close to unity can be attained with iron cores, but in air values 
of k may he very small. Two coils placed at right angles will have no coupling, 
and k will then be zero. 

9 A device consisting of two or more mutually coupled coils is called a 

transformer . 
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The possibility exists that M can vary with time;, for example, if t'-s coils 
are in relative motion. In that case, Eqs. (447) become 



ab 



a(Mi 2 ) 

dt 



and 



iCmi-l) 



'cd 



dt 



(449) 



Equations (447) and (449) apply to the arrangements shown in Figure 4 - 32 , 
where the winding directions are clearly shown. Reversal of the direction of 
either winding will change all signs to positive . The possibility of a sign 
ambiguity makes it necessary to show winding directions, or to have a symbol foi 
signifying what signs to use. In Figure 4-32 each current (i^ or ig) enters the 
terminal (a or c) which appears first in the emf symbol (e or e^). Note tha* 
these reference cu rrent directions are magnetically aiding . Each will produce 
a flux in the same direction through both coils. An alternate system which 
avoids •hawin&acfcual. winding., directions is to place distinguishing marks 
(usually dots) on a diagram, as shown for two cases in Figure 4-33* These 
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Figure 4-33* 
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either coil reversed 



dots mean that in the actual transformer symbolized by the diagram, currents 
entering the terminals with dots will be m ag ne tically aiding* The pertinent 
equations for these two cases are 



di 

e a 



di. 



and 



'cd 



+ M 



dt 



•10. •<? fit) 



where the - signs are for case (a) and the plus signs for case (b). 

Of course, in the above discussion it was assumed that only one coil carri 
a current at a time. If both coils carry changing currents, self inductaace 
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must be included, giving (for the winding directions in Figure 4-32) 

“l di 2 
e ab = ' L 1 dt * M dt 



’cd 



di 2 

- « -£ - L 2 « 



(4-50) 



Finally, if we include coil resistances, and consider terminal voltages v ab aQd 



v ca , we get 



dii di 2 
v ah “ Vl + L 1 “db + M S 



di. 



di 



v cd “ M “a* + Va + L 2 ~i 



(4-51) 



It is not unusual for two mutually coupled coils to be connected in series 
as in either of the cases shown in Figure 4-34. The total emf (e^ • e a - b + e cd ) 
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Figure 4-34. 



t will be obtained by adding Eqs. (4-30) and observing that ± x « ± 2 » i, giving 



di 



e ad " * < W 01 ® 



® For case (b), the signs on both M terms in Eqs. (4-50) will be positive , and thus 
we then get 
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la each case, the quantity in parentheses is the inductance of the combination, 
and. so we can say that when two coils are connected, in series the combined 
inductance is 



L « L x + I* 2 + 2M 



( 4 - 52 ) 



where the sign depends on the coil connections* 

Transformers are among the most important of electrical devices. In power 
systems they provide means of changing voltage, and also are sometimes used to 
transmit power to circuits that are conductively isolated* They are also used 
in c ommuni cation circuits, in filters and many other applications. 



4-13. Transients in R-L Circuits 

Consider the circuit shown in Figure 4-35( a )* Resistance R includes the 




coil resistance and any external resistance combined into one value . Assume 
the switch is closed at time t • 0, at which instant the current in the indue 
tance is zero. As shown in the previous section, the Kirchhoff voltage law 
for this circuit is 







which can also be written 
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Recognizing the antiderivative, we have 



O 



t a - ~ ln(V--Ri) + In K 

x\ U 

T V Ri 
- - 1 

where K is an arbitrary constant. Multiplying through by -R/L and then writing 
the inverse of the logarithm to yield an exponential, we get 



V Ri -Rt/L 
T - 536 



This is readily solved for i, as follows 



i » 



V 0 -Ke“ Rt / L 



(4-55) 
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This is a general solution which includes a constant K. It will be found 
that the original KIrchboff voltage equation is satisfied by Eq. (4-55) regard- 
less of the value of K. The solution to a specific problem, such as the one 
stated here, requires a specific value of K, and this is obtained by knowing 
the v alu e of i at some particular value of t, this knowledge to be obtained 
from the statement of the problem. With a pair of corresponding values of i 
and t known, Eq. (4-53) can be solved for K. In most problems i is known at 
t « 0, and this value of i is called an initial condition. 

Let us see how the initial condition is determined from a statement of 
the problem, which included the fact that the current is zero when the switch 
is closed (that is, for t < 0). We recognize that Eq. (4-55) is to apply for 
Oat, and so we ask whether i as given by Eq. (4-55) should give i - 0 when 
t a o. This would not be true if the current should experience a discontinuous 
jump as soon as the switch is closed. But such a jump is not possible because 
of the inductance. We see this by recalling that the voltage across L is 
L(di/dt), and that with a finite source in the circuit this voltage must re- 
main finite. On the other hand, a sudden jump of current would mean an infinite 
value of di/dt, and thus it is concluded that a sudden jump is impossible, and . 
that the initial current is zero. 
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The substitution, of i = 0 and t = 0 in Eq. (4-53^ gives 



K = V 



0 



and so the required solution is 

i - Jkl - e- Rt / L ) 



(4-54) 



A graph of this function is shown in Figure 4-35(b)* The factor L/R is the 
time constant » having the geometrical significance indicated. As the exponential 
term goes to zero, X. approaches Vq/r, which is called the steady state value. 

The significance of this result is the fact that a finite time interval 
is required to change the current in an inductor. Ninety per cent of the change 
will be accomplished when e * 0.1, which is approximately when t = 2.3 x I»/R« 
In coils with very large inductance and low R, the time constant can be many 
seconds . 

Perhaps the Idea of change is better illustrated by Figure 4-36, where 




the current initially has a non-zero value V^/R, attained by virtue of source 
having been connected in the remote past. In this case, opening the switch 
at t « 0 inserts an additional source Vg and resistor R^. Equation (4-53) 
applies if Vq is replaced by + V^, and R is replaced by R^ + Rg, giving 



V x ♦ V 2 - K 



r 1+ e 2 






s 



9 



4-50 



1 We again get the initial condition from knowledge that the current cannot change 
suddenly, and so i a V^/R^ when t = 0, giving 



V V + V - K 

V I 1 v 2 



R 1 + R 2 



which, when solved for K, gives 



K = 



V R - V R 
2 1 12 



Direct substitution of this value of K yields 



V + V 
1 2 



VJL - V..R, 



; = 2"1 ' 1^2 -(R, +R_)t/L 

^ + R 2 ‘ 5^ + Rg) 

Although this is a correct formula, it is not the most convenient form for inter- 
pretation because it does not place in direct evidence the initial value and the 
subsequent change. If we subtract V^/R^ from the constant term in the above 
equation we get 



V +V 

V I 2 



V P -V R 
2 1 12 



R l +R 2 R 1 R 1^ R 1 +R 2^ 

which is the same as the coefficient of the exponential in the equation for i. 
Thus, by adding and subtracting V^/R^ the result is 



r. 



R, 



.-(R^RgJt/L 



(^-55) 



8 By putting the solution in this last form, the initial (t = 0) value V, /R^ 

is clearly in evidence, since the bracketed term is zero when t = 0. The factor 



9 



Y A - Y A 

w r 2 > 
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is the total change in current, and can he either positive or negative depending 
on the relative magnitudes of VgR^ and V^Rg. Both cases are illustrated in 
Figure 4-36(b). Similarity with Figure 4-35 is evident if it is noted that in 
each case a factor of the form (l-e ) multiplies a factor which is the total 
change of the current. This principle can he used to solve a wide variety of 
switching problems in which there is a single inductor. Initial and final values 
of currents can he found from simple d-c circuit principles. The value of oc ji.s 
obtained by reducing all sources to zero , finding the equivalent resistance in 
series with the inductance, and dividing this by L. 

An important special case is shown in Figure 4-37* Here, as a result of con 
nection of the battery in the remote past, a current V n /(R, +R 0 ) is flowing in 
the inductor. At t » 0 the switch is closed, reducing the voltage between A and 
B to zero. Subsequent to t * 0, the current i changes from V^/(R^+R^) to zero. 
Thus, the equation for the current is 




i « 



0 



R l +R 2 R l +R 2 



S- U - e- R 2 t/L ) 



Note that a negative sign appears on the second term because the change is a 
decrease, and also note that after the switch is closed, only R^ is in serie; 
with L. The above reduces to the simpler form 

(4-56) 



1 = 



! 0_ -R„t/L 



R l +R 2 



This can also be obtained directly from Eq. (4-53) by obtaining the appropriate 
value for K. 

These sample solutions have all been given to find current. Of course, once 
i is known, the voltage across the inductor can readily be obtained from L di/dt.. 



8 



4-14. Flux Linkage Theorem 

In the previous section it was pointed out that L di/dt must remain finite, 
because voltage across an inductor remains finite, and therefore that the current 
in an inductive circuit cannot experience a sudden jump. However, this principle 
applies only if L is constant with time, and if there is no changing flux due to 
external causes. 
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Figure 4-58 shows the more general case which we shall consider briefly. 




Figure 4-58. 



The flux 0 . through the coil is due to current i, and also is in part due to ex 
ternal magnets or current-carrying coils. Thus, the total flux can he written 



In this case, again using the fact that v must remain finite, it is concluded 
that the quantity in parentheses cannot experience a sudden jump. However, any 
one of the quantities within the parentheses can change suddenly, provided there 
is a compensating change in one of the others. 

Two cases are of practical importance. First, suppose there is a sudden 
change in the magnetic circuit associated with the coil, causing a sudden change 
in the inductance, and assume 0 remains constant. Since N0 + Li must re m a in 
continuous (he free of a jump) it follows that there must he a corresponding 
sudden change in i such that 




(*-57) 



where $ is due to causes, external to the coil) and Li/N is the flux due to i, 
6 

as determined from Eq. (4-42). The voltage v is 



v „ §£ml 



dt 



(*-58) 



(L + &)(i + 4>) * Li 



and consequently 
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(4-59) 



As a second example , suppose <£ suddenly changes by an amount 
due to a sudden mechanical displacement of one of the external flux 
sources. Then we have 



linkage theorem .* 

This theorem is useful in solving circuit problems in which certain 



types of switching operations cause sudden changes in inductance. Con- 



which are not magnetically coupled. Assuming the current has reached 
the steady state value V/R, at time t » 0 the switch across one induc- 
tance is closed, suddenly reducing the total inductance from 3L -to 2L. 
In other words, AL * -L, and so from Eq. (4-59) we find that the cur- 
rent increases an amount. 



Adding this change to the original current gives (3/2)(V/R) as the 
current immediately after the switch is closed. 

Subsequent behavior of this circuit can be analyzed by methods 
given in the previous section, using (3/2 )(V/r) as the initial value. 

From ins^ction of the circuit it is evident that the current will 
gra dua l ly go back to V/R along an exponential curve of time constant 
l»l 2R, as shown in Figure 4-39(b). 

*In this statement the word "constant" means constant over a short period o; 
Of course, flux linkage can change, but it must do so smoothly, in a conti: 
fashion, to use mathematical terminology. It would be better to call this 
continuous flux linkage theorem. 



M +u. N(6 + %>J + L(t + &L) 

6 Gw 



and 






(4-6o) 



The principle discussed here, that the total flux linking a coil 

(N0 + Li) cannot have sudden jumps is known as the constant flux 
6 



1 



sider, for example, Figi'^e 4 -39(a) in which there are two inductances 
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Figure 4-39* 



4-15. Energy Stored in a Magnetic Field 

4 Consider a torroidal inductor with iron core, as in Figure 4-40, and assume 

the core diameter d is small enough to allow the assumption of uniform B over 
the cross section, and assume the coil resistance is negligible. The power 
delivered to the coil during a change of current is 

T ab 1 “ (H df* 1 

Now suppose that in time interval from t^ to t^ the flux changes from 0-^ to 0 2 * 

6 The energy delivered from the source will be the time integral of power, name ly 



w-/ 



a 1 

Now observe that, in terms of B and H, we have 



2 r2 $2 

i dt - / Ni <30 

t, <t> x 



v , idt » 
ab 
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0 * BA. and Ni ** Hi 



so that we get 



9 



b 2 

W ** iA f H dB 



/ 



(4-61) 
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Figure 4-40.. 

This int egral is interpreted as an area in Figure 4 -40(b)* for "the case 
where the magnetism has been increased from to B g . If » 0, we get 



B 



w 



/ 



H dB 



( 4 - 62 ) 



which is interpreted as the energy density in the magnetic field when its 
strength is B. Actual energy is then obtained by multiplying the density by 
the vol ume AA. In accordance with this result for the special case of a torroid 
it is postulated that E*. ( 4 - 62 ) gives the energy density for all field con- 
figurations . 

No assumption as to linearity was made in arriving at Eqs . (4-63) and 
(4-6?). Suppose magnetism is carried partially around a hysteresis loop* from 
0 to P to Q* • in Figure 4-4l. In going from 0 to P the energy density increases 




0 



Figure 4-4l. 



by an amount 



B, 



r 



H dB 



which is represented by the shaded area. In reducing B to B r * the energy density 
will change by 



B B, 

/ H dB » - J ! H dB 



B, 



BL 



which is a decrease equal to the area covered by the small crosses. This energy 
is returned to the circuit. Thus * an amount of energy represented by the area 
between the curves has not been returned* even though the current has returned 
to zero. This represents an energy loss due to the molecular interactions which 
cause hysteresis. When magnetism is carried completely around a hysteresis loop* 
energy is lost in proportion to the area of the loop. This energy loss is an 
important consideration of the design of generators* motors* and transformers* 
since in all of these there are repeated reversals of flux. 

When the magnetic material is linear* so that .we may write B •. k^li^H* 

Eq. (4-62) reduces to 



B 



w 



Vo / 



BdB 



“A 



B* BH 

i * m* m m «<« — - 

2 



(4-63) 



Energy storage in linear media can also be expressed in terms of inductance. 
Using the reference directions of Figure 4-42, if the current increases from 0 to i 




Figure 4-42. 



as to goes from 0 to t, for the energy we have 



or 




W » | L i 2 (4-64) 

We can get the same result from Eq. (4-62)* for the torroidal case. 
The total energy is 



R k_M m m 

W 2 2 

hut 0N • Li, from Eq. (4-42), and so Eq. (4-64) is obtained from the 
above . 



4-l6. Force Across an Air gap 

Airgaps in magnetic circuits experience forces which tend to cause 
them to close. This force is utilized in a variety of applications, 
for example in electric relays. 

The idea of energy density can be used to determine the force tending 
to close an airgap. Referring to Figure 4-42, suppose the gap is small, 
so that there will be negligible error in assuming B lines are parallel in 
the gap, and that B is negligible outside the gap. The pole face has an 
area A, and the gap length is Z, giving 



W « 




(*-65) 



for the energy stored in the gap* Now suppose the gap is increased an amount 
&Z by the application of an external force F. To do this in practice, there 
must be a hinge in the iron circuit; otherwise, the force will also have to 
overcome stress in the iron. Thus, F is only that force required to move 
the pole face against magnetic force. 



\ 
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f 2 




> 

r 






If conditions of the external circuit remain constant, increasing the airgap 
would cause a reduction of 0 which would complicate the analysis. To avoid this, 
assume that, coincident with the change in Z , tints .'.gradually ihpr4asedr.by . 1 
adjustment of Resistor R, so as to maintain 0 constant. All mechanical energy 
expended will then to into the energy stored in the field.* This change is 



Aw 



^0 



But from mechanics we know that this energy is also and so we have 



8 



F 3 a£ 

y 2U 

*0 

as the expression for the required force. 



(4-61) 



*No energy interchange occurs with the battery due to change in £ because d0/dt 0, 
9 and so the coil voltage is zero. 
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Chapter 5 



STEADY STATE CIRCUIT ANALYSIS 



Introduction 

We begin this chapter with a description of the .experiment illustrated in 
Fig. 5-la, in which an alternating current generator Is suddenly connected to 
a circuit consisting of R and L. Oscilloscopic records are taken of the voltage 
and current, yielding curves as shown in Fig. 5-lb. The voltage wave begins at 



l 



Steady state 
current projected 
teck to origin 



Steady state 
current from 





Figure 5-1 < 



an arbitrary point, t « 0, depending on the instant the switch was closed. The , 
form of the current wave will depend upon this instant, and so the experiment 
will not yield the sense rasvtlt with each trial. Another example is shown in 
Fig. 5-lc« BGwfver, after a. period of. time, the current wave settles down to 
a form called the steady state wave. If the steady state wave is projected back 
tg t ■■ 0, : *s indicated by the dashed curves, it is found, that the actual current 
can be viewed as the sms of this wave and the curve labelled transient . Whenever 




5-2 

l 

: the network includes resistance elements, as in the case under consideration,, the 

transient will die out. In mpre complicated networks the form of the transient 
L may he more complicated than the simple exponential shown. 

’ This brief analysis illustrates the followings 

> ' (i) when a sinusoidal source is suddenly applied to a circuit, thejre is a 

transient period during which the response .is not a repeating wave, (in the example 
• above, the response was the current . ) 

: (2) The act ual form of the response during the transient period depends on 

5 the instant at which the switch is closed. 

(3) After the transient has died out, the wave approaches a steady state wave 

having a magnitude and position on the tinje axis, relative to the source wave, which 
are independent of the time of switching. Thus, referring to (b) and (c) of Fig. 5-1, 
h the ratio V /i and the phase difference , 0, are the same for both. 

: Although this has been presented as a description of an imagined experiment, 

■ theoretical confirmation of the conclusions is possible. However, such theoretical 
i confirmation must be deferred until circuit analysis has been studied quite thor- 

i ' m a % 

5 oughly, and therefore will not be considered at this. time. 

The fact that the steady state response is independent of what takes place 
dur i ng the transient period, makes steady state analysis possible. 

One may legitimately question whether a study of the steady state response of a 
■6 network has practical value. In replying to this question, either of .two different 

| ans wers can be given, depending on whether a network is designed primarily to transmit 

power or cow^uui cation signals . Power transmission usually takes place at a nearly 
(■* constant rate,- and so steady state analysis provides most of the needed answers. On 
. 7 the other hand, a communication system can be thought of as a power system in which 
; signals are coded in the form of changes in the power transmitted (i*e», the turning 

on of a light can be a signal). Thus, transient considerations must also enter into . 

the anal ysis of communication circuits. However, the analysis of" networks for steady 
8 state response provides an important foundation for the study of both power and com- 
munication systems. 

f 

" . ' * 

j 5-1. Description of a Sinusoid 

*> 

f 9 Consider a plot of the function 

f / . * 

f i as I cos(wt + a) . (5-1) 

! m . 



* 
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2 



3 



k 



5 



which is shown in Fig. ' 5 "2a. It is labelled as a current, hut a similar expres «- 
sion could he written for a voltage or other quantity. In this equation, I ffi , w. 




6 



7 



8 



9 



also he regarded as a variable, loth these variables (t and art) are plotted 
along the horizontal axis in Fig. 5-2a. Since time has no beginning, it is 
necessary to chqose some arbitrary instant as t * 0. At this instant, Eq* (5.-1) 
gives i « I cos a, as indicated. Since a determines the value of (wt + (x) 

.when t = 0, it is called the initial angle of the wave. I is the maximum value ,, 
or amplitude . 

To interpret the parameter w, note that, since the cosine of an angle is 
unchanged if 2n is Padded to the angle, the wave will repeat itself when .wt has 
increased by 2 it. Thus, the wave is said to be periodic- . Let T be the increase 
in time t required to make wt increase by 2 ji, so that 



or 



off a 2 it 




W 



2jC 

T 



T is the period of the wave; and l/T => f, called the frequency , is the number 
of. times the wave repeats in one second. (Earlier, the symbol T was used to 



V 



? -■ 
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O^note the time constant of an RC or RL network . Now, the same symbol is being 
used for the period of a periodic function.). For example, if T = 0.1 sec., there 
will be 10 repetitions of the wave in one second. In terms of f , Eq. (5-2) becomes 



8 



u) = 2 ref 



(5-3) 



Thus, w has been established as a parameter related to the period (or frequency) 
of the wave. In view of wt being an angle, w is called angular frequency . 

If I , ol and w are known as numerical values, the corresponding, wave can be 
plotted unambiguously. Thus, these three parameters completely specify a wave. 
Furthermore, w is determined by the frequency of the source; if this is given, the 
solution of steady state problems amounts to the finding of values of magnitudes 
and initial angles of various voltage and current waves in a network. 

The decision to write Eq. (5-1) as a cosine is entirely arbitrary. If we 

let a = a’ - Eq. (5-1) becomes 

I cos(wt+a’ - 5) = I m sin(wt-KX f ) 

Thus, any such wave can be written as a cosine function or a sine function. The 
cosine form has certain advantages, and so we shall use it in this text. Regardless 
of whether it is written as a cosine or sine function, the wave we are considering 
is called a sinusoid , and its shape is said to be sinusoidal . 

Although the magnitude parameter I m is entirely adequate to determine the 
size of a sinusoid, another value (called the rms value) is usually employed. This 
value, which we shall identify as 1^ or simply I, is the square root of the 
average (mean) Value of the square of the wave. (The symbol rms is an abbreviation 
for the words -roof-, -mean", -square". ) For simplicity, consider the current wave 

(with zero initial angle) 



. i - I cos wt 
m 



for which the squared wave is 



p p 2 
i* = I cos wt 
m 



= “|(l + cos 2wt) 
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The second ■term shows that the i curve varies in such a way as to have equal 



areas above and below the dashed line in Fig. 5-3* Therefore, this dashed 

nn 
r 2 



2 * 

line is the average value of the i curve, and so we can write 



* . , .2 m 

Average of i = -g 



and the square root of this, the rms value, is 



I = 



m 



VT 



( 5 - 4 )** 




For an interpretation of the ms value, assume i = I cos wt is the current 



m 



in a resistor R. At any instant of time, power will be' dissipated at a rate 






and from the abpve proof that the average of is I*~/2 , it follows that the averag 

- 2 — — - -A. 



Thus , 



power dissipation will be (l m /2)Ro In view of Eq. (5-4) this is also 
for finding average power, I can be used in the I^R formula exactly as if it were 






*Strictly. speaking, the areas above and below the dashed curve are equal only if 
reckoned over an integral multiple of the period of the wave. For example, the 
dashed line would not be the average reckoned over a period and a half, but it 
can be shown that over a long time interval (many periods) the average is only . 
slightly affected by the inclusion of a fraction of a period. That is, the aver- 
ages over 100 periods and over 100 + l/2 periods are very nearly the same, as cah 
■ be seen by making a simple calculation. 

**Rms jcalues can be defined for waveshapes which are not sinusoidal. However, the 
l/Y"2 relationship does not then generally apply. Equation (5-4) is given here 
. for a sinusoidal wave. 



j 
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a d-c current. Since I has this interpretation in terms of the average effective- 
ness of the wave in producing heat in a resistor, I is sometimes called the 
effective value of the wave. The rms designation is to he preferred, however. 

Most a-c instruments for measuring voltage and current are calibrated to 
indicate rms values. Since the rms value . is used more prevalently than the ampli- 
tude, in this chapter we shall use the rms value in writing an equation for a 
sinusoid. Accordingly, we write Eq. (5-1) in the alternate form 



i -"}/2 I cos(<jt + a) 



( 5-5) 



5-2 Complex lumbers 

Complex numbers were invented by mathematicians to generalize the theory 
of quadratic equations. For example, the equation 



x - 2b x + c = 0- 



has roots given by 



= b 



, Xg = b tVii 2 -c 



o 2 

If b > c, x .and x are real numbers. If b < c, the square root of a negative 

number results. But there is no real number whose square -is negative. Nevertheless, 

these same formulas for the roots can still apply if an imaginary unit j is defined 

such that 



.2 i 

j = - 1 



(5-6)* 



Then, if b < c, the two roots can be written 
2 . 



a b + j V c-b , x 2 - b 



- jVc-b 5 



Each of the se is a complex number consisting of a real part b and an imaginary 
part *Vc-b 2 . But it is one thing merely to write b + jV c-b^ , and another to know 
what it means. In mathematics an "absolute" meaning is not required; meaning is 



The symbol i is used in mathematics, but due to the extensive electrical engineering 
literature in which i is used for current, the symbol j is standard in electrical 
engineering . 
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embodied in the rules of operations which are defined for a quantity. The rules 
of operating on a complex number are defined in such a way as to make them useful 
For example, in order for x 1 to satisfy the given equa tion, it is necessary to 
define what is meant by x 2 and -Sta^, when x x = b + j Vc-b 2 . The required defi- 
nition is that a complex number shall be treated like an ordinary binomial, with 

o 2 

j being replaced by -1 whenever j occurs . Thus 



x 2 = (b + jVc-b 5 ) 2 = b 2 + j 2 (o-b 2 ) + j2bVc-b ? 






and 



= 2b - c + j2b 



-2bx 1 = -2b 2 - j 2bVc-b 2 



The sum of these is -c, and so it is seen that k -2bx + c * 0 is satisfied for 



x = x 



1* 

Let the general notation 



A - A x + JA 2 



B - B 1 + JB 2 



( 5 - 7 )' 



represent two complex numbers, (in this text a bar above a symbol will be used 
to denote that it is complex.) For reference, we shall state the rules of 
algebraic operations in terms of these examples. But first we must define what 
is meant by equality. By A = B we mean that the real parts are equal to each 
other and the imaginary parts are equal to each other. That. is. 



A i = B i 



and 



Ag * Bg 



*A complex number is merely a combination of two numbers , which cannot' themselves 
be combined. A good way to regard this pair of numbers is 

A - (l)A x + (j)Ag • 

This shows a symmetry between the two parts. One part is A]_X (the real, wit 1), 
and the other part is A 2 X (the imaginary unit j). and A 2 are real. 
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Conversely, if A 1 = and A 2 - Bg, we can write A = B. In other words, two 
complex numbers are equal if and only if their real parts are equal and their 
imaginary parts are equal. 

For the operations of addition, multiplication and division, using the 
ordinary rules for binomials , we get 

(A x + JA 2 ) + (B 1 + jB 2 ) = (A 1 + B 1 ) + j(Ag + Bg) 



(A x + JA 2 )(B 1 + jBg) = A^ - A 2 B 2 + j(AgB 1 + A 2 B 2 ) (5-8) 



A 1 + ^ A 2 A 1 B 1 + A 2 B 2 + ^• A 2 B 1 " A 1 B 2^ 

,2 .'^2 
’2 



B 1 + **2 



bJ + b: 



The validity of the formula for division can be confirmed by showing that an 
identity results when both sides of the equation are multiplied by B^ + JBg* 
The formula for division is rather complicated, but it can be reconstructed by 
multiplying numerator and denominator by the number B^ * jBg, as follows: 



-• A x +JA 2 .(A 1 +jA 2 )(B 1 -oB 2 ) 

I = Bj_+jB 2 = ( Bj+ j Bg ) ( -JBg ) = 



Aj 5 !- + A 2 B g + 
B 1 + B 2 



The number B^ - jBg used here is related to B by having the sign of the 
imaginary part changed. This number is called the complex conjugate of B, and 
will be designated by B . Using the conjugate , it follows . that s 



* 2 J2. 

B B = b£ + Bg 

- — # 

B + B v 

“ B 1 



( 5 - 9 ) 



- -* 
B - B ' 

2j 




The first of these- follows directly from the rule for multiplication $ the second 

_ ~* 

and third are readily obtained by substituting B - B^ + jBg and Bj. = B 1 - jBg. 

Thus, by combining a complex number with its conjugate, the real or imaginary 
part, or the sum of their squares can be obtained. (Each of these is a real number. 
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The relationship 



i^ e = cos 6 + <3 sin © 



(5-10)’ 



is called Euler 1 s identity. The right-hand side of this equation is the def^tio 
of the symbol e j ®. Thus, the formula requires no proof, but properties of e so 
defined must be investigated. The properties of e JS we shall need are briefly 
treated in the footnote, where it is shown that e J ® can b«..*ult.iplied and dif- 
ferentiated like a real exponential. 

Euler’s identity can be used to provide an alternate notation for. a complex 
number ... . - .• 



A - A, + J 



u ■ urt 2 

This can be shown by multiplying both sides of Eq. (5-1°) by a real number A , 

„ t 

to give 

Ae^® « A cos $ + j A sin 0 

In view of the meaning of equality of complex numbers, we see that 

Ae^® = A 

and A* ~ A sin 0 ( 5 —11 ) 



5 



if 



A 1 *= A cos 0 



A 2 ~ A sin 



| 7 

t 



f 

i 



8 



f * 



9 




iquation (5-10) can be regarded as a definition because the number e raised to 

m Imaginary power has no. meaning in the sense of a . ^oonentials will 

found that all operations which can be carried out with real exponentials wil _ 

je true for Eq. (5-10). For example, consider the derivative of the left-han 

side with respect to 6. Using the rule for real exponents, we get 

de^/ae = je^® = j(cos 6 + j sin e) = -sin 0 + j oos 0 

which is the same as the derivative of the right-hand side of Eq. (5-10)- Also, 
with, the aid of the identities for cos(x+y) and sin(x+y) it can be shown tha 



e Jx e Jy = cos(x+y) + j sin(x+y) .» e^ X 



[n other words, when exponentials are multiplied, the exponents add, In . similar 
tty. -with real ' exponentials . .■ 







Assuming A, and A p were specified, these two equations can be solved for A and 

JL C 

Q. Thus, squaring both equations and adding gives 

A 2 * A 2 = A 2 (cos 2 0 + sin 2 e) = A 2 



5 



or 






+ K 



Also., dividing one equation by the other gives 

A„ 



_2 

\ 



>in 0 
cos 9 



(5-12) 



and so 



0 = arctan — 
A 1 



(5-13) 



Ae^® is called the exponential form , whereas A^ + jA g is called the rectangular 
form of A. The latter terminology comes from Eqs. (5-H) which show that A^ and Ag 
can be viewed as the rectangular coordinates of a point whose position in a plane 
is specified in the polar coordinates A and 0. This is illustrated in Fig. 5-4.. 
Since these rectangular coordinates are the components of a complex number, it is 




customary to label the axes *real" (meaning real part) and "imaginary" (meaning 
imaginary part)/ A pair of axes so labeled constitutes a complex plane . A is 
9; called the magnitude of A, and 0 its angle . 

The notation Ae^ is very convenient for analytical work, particularly when 
differentiation with respect to 0 is involved, However, for specifying numerical 



o 
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1 



2 



3 



4 



5 



6 



7 



8 



.values, like 2e JIt , it is more convenient to write 2 /60° . This is called the 
polar form , since it merely involves specifying the polar coordinates of the 
point, (in the polar form, angles are usually specified in degrees.) 

Observe that the exponential notation provides a simple interpretation for 
multiplication. Thus., if A = Ae^® a and B = are two complex numbers, their 

product is 



AB = (AB)e^® a+a b) 1 

■ In other words, magnitudes are multiplied and angles are added. Also note that - 

in exponential notation the sign of the exponent is reversed in order to get a 

conjugate. Thus, if A = Ae J , A = Ae dQ (as can be seen by converting to the 
* * — .* 
rectangular forms, since A = A cos 9 + jA sin B and A = A cos B - jA sin 0). 

3h this notation, AA = A^e*^® = A^, which is the same as + A^ 



5-5 Complex numbers applied to circuit theory. 

Let us now consider how complex numbers can be used to represent a sinusoidal 
wave like 

i =V?i cos(wt + a) (5-l4) 



Since 



= i cos(wtta) + j sin( cotta) 
Ie j(^+cx) _ j cos ( CJ f+ a) - j sin( cotta' 



it follows that 



r- , _ Te j( cotta j -j(wtta; 

i -y2 I cos( cotta) a “V2 ( 5 - 15 ) 

The advantage to be gained by making this change depends upon defining an ad- 
ditional complex number 



I = Ie 



ja 



(5-16) 



This is merely an application of the second of Eqs. ( 5-9 ) - 
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Then, Eq. ( 5-15) can he written 



± s r- iej^ e' jMt ± le- ja . e'^ 

A <r ie jMt + iV Jut 



(5-17) 



.'This formula is important . It shows that, given a sinusoid i Wi"i cos^ut-toO, 
a conplex number I = Ie^° can he constructed from the two parameters I anda which 
describe the wave, and that an expression for the sinusoid can he given in terms 
of that complex number. The importance of this idea cannot he overestimated. Con- 
versely, if Eq. (5-17) is given,, the properties of the wave are apparent merely 
from looking at the complex number X. Observe that the quantity I is superfluous 
insofar as relationship of Eq. (5-17) to the wave is. concerned, because I is com- 
pletely determined by I- Tb illustrate numerically, 

e^ ± e"^ 



is an expression for'V2~ (3)cos(art+jr/5) • Likewise, 



^ (2+.1g)e jtJt + (2-J2). 



-jut 



is an expression for 4 cos(wt+jt/4), since 2 + j2 — 2 “^2 e*V^' . 

Referring back to Eq. (5-17), since I carries all the information (except fre- 
quency) necessary to construct the sinusoidal wave, it is given a special name. X 
is called the phasor symbol for the wave . + When a sinusoidal wave is expressed in 

complex form, the phasor symbol for that wave can always be recognized as the co- 

jwt 

efficient which multiplies e . 

We shall now develop applications of Eq. (5-17) to the steady state analysis 
of networks. Figure 5-5a shows an inductor, for which the voltage and current are 
[ related by 




? - - — 

+ In the older electrical engineering literature this is called a vector. However, 
calling I a vector is to be deprecated, because it does not have all the properties 
t of a vector. Also, in some books it is called a sinor ♦ 



j 




* 
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v 



R 
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Figure 5-5 « 



(c) 



Assume 



i =rfTl cos(wt-*a) + I 



dc 



( 5 - 18 ) 



where 1^ is a constant (d-c) term. The voltage v^ is obtained by differenti- 
ating the current and multiplying by L, giving 



, T = uL I sin( wt+a) 



( 5 - 19 ) 



which is a sinusoidal wave. This can also be written as a cosine function by 
observing that -sin x = cos(x + n/2), so that 



v wL I cos(wt-ta + $) 



( 5 - 20 ) 



Particular note should be made of the fact that, even if the current contains a 
d-c component, the voltage will be a sinusoidal wave, because the derivative of 
a constant is zero. In many practical circuits, particularly those containing 
transistors or vacuum tubes, there will be d-c components. However, these can 
be calculated by applying the principles of d-c circuit analysis and, as illus- 
trated by this example, the sinusoidal component of the current is realted to the 
sinusoidal voltage wave independently of the d-c component.' Thus, in all sub- 
sequent consideration of inductor currents in this chanter we will deal only with 
a sinusoidal wave of current, recognizing that there may also be a d-c component, 
but that such a component will not be included in the expressions used for the 
inductor current. 



EKLC 
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Let us return to the sinusoidal component of current 



and the voltage wave 



i «vr I cos(wt + a) 



v coL I cos(wt + o + ~) 



These can "be written respectively in the complex notation 

L Ie*» e jMt ± Jb-» e ~ jMt ' . 

.r-^ a+n/2] e jwt + uL Ie- j(a+, '/ 2) e- jut 
V = Y2 — : — — ! 

However, if we define the pfaasor I = Ie^°, and recognize that e^ 2 = j and 
e * j #/2 _ ; these become 

fe Jwt + le’ 3 **. 






v ■1uLIe^ M *' - .1uLIe~ Jl,)t 



(5-21) 



8 ' 



If we new define 



V = jwLI 



the expression for v can be rewritten as 

2 , 



( 5 - 22 ) 



(5-23) 



Equation (5-22) is important, for it gives the relationship between phasors for 
voltage and current in an inductor. It can be used in the form shown to find 
the. parameters of the voltage wave if the current wave is given. If the voltage 
wave is specified, then V is known and I is found from the same relation,, rewritten 

as 



— v V 

^ J coL ^ coL 



(5-2^) 
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A similar analysis applies to the capacitor shown in Figo 5 -5b* The voltage- 
current relationship is 



i = C 



av, 

dt 



Suppose the voltage v c is given by 



*„-V2 V p cos( wt + 0) + V 



dc 



(5-25) 



where V^ c represents a constant ( d-c ) component . Differentiating and multiplying 
by C gives 

i - -Vs uCV^ sin(wt+0) 



or 



i =V2* uCV r cos(wt+{3 + ?) 



(5-26) 



Just as it is possible for an inductor current to have a d-c component, 
so also there can be a d-c component of capacitor voltage. Steady state analysis 
for sinusoidal waves pertains to the relationship between the sinusoidal component 
of capacitor voltage and current; the d-c component of capacitor voltage can be 
found independently. Equations (5-25) and (5-2 6 ) show that V^ c has no effect on 
the relationship between the sinusoidal waves. Subsequently in this - chapter , . 
any symbol for capacitor voltage will be understood to refer -to the sinusoidal 
component. 

In complex number notation, 

_v + V e-J* 3 e.- Jwt 

v„ c 



c. 






uC V e*^ +It / 2 ^ e^ '+ uC V n e *j(^ +,t / 2 ) e"^ 

c c 



.2 






By defining the phasor V c *» V c e dH for the voltage, we can write, these 

V * u 




IjUU* y • -J ' J J '.Hi '! ,! • -l.'I'H* W t | J(1 IUM 1.1,1*11 ,P U.IIJPH J WWPim 1 



where 



I = j«C V c 



(5-29) 



If the voltage wave is specified, V Q is known and Eq.. (5-29) yields I and 
the current wave. If the current wave is specified, the voltage wave can be 
found from V^, where 



- I ; _l 

v c = 35c - ‘ J uc 



(5-30) 



The resistor case shown in Fig. 5-5° is quite simple, since no derivative 
is involved. If 



i=V7 I cos(wt+a) 



then 



v.=VT IR cos (ut-KX) 

JA 



The respective complex number representations are 



=V^ 



Ie^ Ut + xV j0>t 



and 



R 



= Y7* BIe JUt + (RI.) e 



- * -jut 



Thus, if I and are respectively the phasor symbols for i and v^, then 



V k = RI 



(5-3D 



5-4 Phase Difference 

In the previous section we found that, except for a resistor, current and 
voltage waves in a network element have different initial angles. To summarize, 
if in each case 

i-sTT I cos(wt-Kx) (5-32) 



then 



o 

ERiC 



O 



■! 



O 



Oi 






(a) 



V R = ^ 2 V R cos(cot+a) 

v L =Yi\ cos(ut+a+-g) (t) (5.33) 

v c =Vs'v c oos(ut+a-|) (o) 

The corresponding waves are- shown in Rig. 5-6* 




Figure 5-6, 



When two waves like i and v have the same initial angles , the waves are 

X\ 

said -to he in phase . If the. . initial .angles are different,, the peak values of the 
wave occur at different instants of time. For example, in Fig. 5-6 wave v^ 
reaches a peak value sooner than the i wave. It is said' that v^ leads i. The 
amoun t of separation between peak values of two waves is measured as an angle (on 
the cot scale), and this quantity is called the phase difference . In the case of 
v L and i, the phase difference is */2- Thus, a complete statement of the phase 
relationship is to say that v L leads i by it/ 2 radians. 

If we compare v^, with i , we find that v^ lags i (or i leads v^) meaning the 
peak of v^ occurs later in time than the peak of i. In fact, v^ lags i by ii/2 
radians . When specifying phase difference , in addition to specifying the .angle, 
it is necessary to state whether it is an angle of lead or lag. The possibility 
of specifying a phase difference either way causes some redundancy. For example, 
in the capacitor case, we can replace the statement that lags- i by it/2 radians 
by the equivalent statement that i leads v by (-it/2) radians. Phase difference 



is an algebraic quantity for which the words "lead" or "lag" provide reference 
direction information. Since two reference directions are possible, there are 
two ways of specifying the phase difference. 

Another kind of redundancy enters if angles greater than it are allowed. 

Thus, referring to Fig. 5-6, although the maximum labeled (2) of v c occurs after, 
maximum (l) of i, it is also true that maximum (3) of v c occurs earlier than 
maximum (l). Thus, in addition to- saying that v Q lags i by it / 2 radians,- it is 
correct to say that v r leads' i by 3*/2 radians. This is merely an illustration 
of the- fact that the phase difference can be increased or decreased by an 
integral multiple of 2 it; this principle being due to the fact that maxima .'.occur 
at 2 j t intervals. in the lot scale. 

Phase differences can be obtained by calculating the difference between 
initial angles. To state this in such a way as to get the proper, sign, if we 
wish to determine the angle' by which one wave (designated as the first wave) 
leads ;another. wave (designated as the second wave), the initial angle of the 
second wave should be subtracted from the initial angle of the first wave. For 
example , to find the angle by which v^ leads i, observe that there, initial angles 
are respectively Of + .jt/2 and Cf. Thus, the angle by which v_ leads i is 

a + it /2 - a - it/ 2 . ■ *. 

Phase difference, as well as magnitude relationships, can conveniently be 
shown oh phasor diagrams, as shown. in Fig. 5*7- These are graphical portrayals. 




Figure 5-7. 
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of the three relations 



V L = juiL I 



V C " jwC 



V R = RI 



where I = Ie^ a . We recall that v^ leads i by n/2 radians. This phase difference 
is evident as the angle between phasors V L and I, as indicated in Fig.' 5-7 a, and 



it is also evident that the phasor for the quantity which .leads (v^ in this , case) 



occupies a counter-clockwise position relative to the other one. This diagram 



also shows how it is possible to say that i leads v^ by 3*/2, this being the 



counter-clockwise measured angle from to I. 



Phase difference can be stated in terms of phasors. Thus, in addition to 
saying v L leads i by jt/2, it is also proper to say V L leads I by */2 radians. 
However, this latter statement is symbolic for the former. 



5-5 Kirchhof f * s Laws in Terms of ffiasors , V j 

Consider a series circuit afe shown in Fig. 5-Qa., in which each box represents -! 
R, L or C, or a combination of these. The voltage across each box is sinusoidal j 
and of the same frequency. That is, assume ' ' 1 



i 



r, =V£\ cos(wtt^) 



and 



;v 2 =V^v 2 COs(wt+Pg) 



In terms of the phasors 



\ = V 






and 



V> 



V e 
2 






these voltages are 

V e J<* + t- 

V 1 — 



v l e 



and 



Ve” 1 * + V 0 V J< * 

v 2 =V2 -* — 



The Kvl equation for this figure is 



V T “ \ + V 2 ' 



( 5-34) 
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Substituting the expressions for v. and v and collecting terms that multiply 
and e"*^, gives 



(V +V )e Jut + 

v t =VF-^ 5-^-* , 



(5-35) + 



The form of this shows that v^, is a sinusoidal wave of angular frequency w, 
symbolically represented by 



V = V + V 
T 1 '2 



(5-36) 



In other words, if we define the phasor 



V = V T e 






the equation for the wave of v^ can also be written 



V T =i V^” V T c °s(wb + ftp) 




-i- ~ -X _ •#* 

In writing this equation, we have used the relation ‘ + = (V^ + V^) , 
which can readily be seen to be true by writing each phasor in rectangular 
form. 



o 
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Equation ( 5 - 36 ) is an expression of the Kvl in terms of phasors. Of course > 

* * „ 

it is valid only when all quantities are sinusoidal . However, Eq. (5-35) shows 
that if v^ and Vg are each sinusoidal and of the same frequency » then v^, is also 
sinusoidal and of the same frequency. Equation (5-36) provides a means of find- 
ing and ftp, which are the essential attributes of wave v^,. This, can be done 
analytically, or .graphically, as shown in Fig. 5-Sb* 

The Kirchhoff current law also can be written in terms of phasor quantities . 
Referring to Fig. 5-9a, if the currents i^ and ig are sinusoidal and of the same 
frequency, namely, 

\ 0 / 2 cos(wt + dtp) and ig =“^2 Ig cos(wt + a 2 ) 
they- can be combined according to the Kcl equation 



1 T " 1 1 + *2 



(5-37) 



Again we shall perform the addition in terms of the complex notation, using the 
phasors I-, ■ - I, and I 0 » Le^2 so that 

-L. J. d d 






l + X 1 * e* jBt 



and ig =\f2~— 



J e jwt + j * >jwt 



e : 



The sum of these, after collecting terms, is 



i T “V2" 



•Cl 1 +I 2 )e' i “ t + (I^lg) 



t ^ \* e -M 



(5-38) 



which shows that i^ is a sinusoidal wave of angular frequency «, and symbolically 
represented by a phasor 1^ = I^e where 

I T - \ + X 2 (5-39) 

* t 

In trigonometric form, 

i T °V2* Ij cos(ufc r Qtj,) 

where 1^, and Q^, are obtainable from phasor 1^ as indicated above. 

Equation (5-39) is a valid expression for the Kcl fbr situations where i anc 
ig &re ^°bh sinusoidal waves of the same frequency . We have shown that the sum 0 1 






(*>) 

Figure 5-9* 



two such sinusoidal current . waves is also sinusoidal, and that the amplitude and 
initial angle of this wave can "be obtained from Eq. (5-39)* This equation can be 
used analytically) or a graphical interpretation like Fig. 5-9b can sometimes be 

useful. 

The proofs just given, involving the addition of two voltages or two currents, 

. can .be extended to yield Kvl and Kcl equations in phasor form for any number of 
voltages or currents, subject, of course, to the condition that all voltages, and 
currents are sinusoids of the same frequency. Referring, to Fig. 5-10a, one form 

t , . 

of the Kvl equation is 

- v 4 = v l + v 2 + v 5' (5Jt0) . 

It is assumed that v^, v g , and v^ are each sinusoidal and of the same frequency, 
and that they are respectively represented by phasor s V^, Vg,. and V^. By the 
previous proof the sum of two of them,' say v x + v g , is also sinusoidal, and s.o these 
can be placed in parentheses, ' as a reminder that they represent one sinusoidal 
wave, thus. 



But this is now reduced to the previous case, involving the addition oi two 
sinusoidal waves (v ± + v g ) and v^. Following this plan, we first apply Eq.' (5-36) 
to show that the phasor for (v x + v g ) is (V^ + Vgj. The same .equation applies 
again to show that the phasor for. (v^ + v^) + v^ is (V^ + Vg) + Vy • -Thus, 




t 




(a) 

from Eq. (540) we get 



Figure 5-10. 



or 



“ ( V 1 + v 2 ) + v 3 



0 = V x + V 2 + v 3 + V 4 



(5-*H) 



A similar development will apply to the Kcl equations when currents are 
sinusoidal and of the same frequency. Referring to Fig. 5-10b, we have 



■\ = i i + h + H 



(i x + i 2 ) + i 3 



:(5 J « 2) 



If i^, i g , i_, and i^ have the respective phasors 1^, 1^, I and 1^, Eq> (5-39) 
applies to show that (i^ + i g ) has the phasor 3^ + I g , and applies again to show 
that (i^ + ig) + i^ has the phasor (i^ + 1 2 ) + Iy Thus, Eq. (541) yields 



or 






0 - ^ + i 2 + i 5 + \ 



(543) 



as the phasor expression of the Kcl equation. 

The interpretation to he placed on the results of this section, culminating 




ii. 
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in Eqs- (5-41) and (5-43), is that Kvl and Kcl equations can be written in terms 
of Phaser symbols in exactly the same way as for actual time-varying quantities. 
The ar gument s given for summing three sinusoidal quantities can be extended to 
any number. This statement is, of course, subject to the condition that all 
quantities involved shall be sinusoidally varying with time, and shall have the 

same frequency . 



5-6 Analysis of Elementary Circuits 

In the previous section it was shown that phasor quantities can be used to 
write Kirchhof f 1 s laws, when waves are sinusoidal, and we have also established 
phasor relationships for B, L, and C elements. The next step is to use these 

principles to analyze some simple circuits • 

As a first example, consider Fig. 5-Ua, for which we assume that the cur- 
rent i is sinusoidal and represented by the phasor I- From Eqs. (5*23), (5*30) 
and (5-31) we have, respectively, = jwLI, V c = i/j&C, andV R - El. Also, by 
virtue of the discussion in Sec. 5*5, Kvl can be applied in terms of phasors, 

giving 



v =v E + v L + v c 



(5-4b) 



or 



V = (R + jwL + 



1 *) I = [R + 1 






(5-45) 




tv- 



/? 



v 5 = I R 



o 



i 



o 






(c) 
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Figure 5-H* 



The three phasors on the right of Eq. (5-44), and also their sum, are shown 
in Fig. 5-llb, for a particular value of w. For this case, the terminal voltage 
lags the current. However, it can he seen that for a sufficiently large value of 
u, wL will he larger than l/<*€, so that |V^| will he larger than |V^|. Then V 
will lie in the first quadrant, and will lead the current. The transition from 
voltage lag to voltage lead will occur when ojL = l/uC. This particular value of 
w, which we shall designate as u>q, given hy 




(5-46) 



is called the resonant angular frequency. The phasor diagram for this frequency 
is shown in Fig. 5-llc. in this case the phase difference between voltage and 
current is zero (the voltage and current are said to be in-phase ). . 

This simple example has served to bring out several important aspects of 
alternating-current circuits: the application of complex numbers, resulting in 

Eq. (5-^5) as a relationship between terminal voltage and current;! the equivalent 
graphical analysis as displayed in the phasor diagram of Fig. 5-Hb; and the notion 
that the relationship between current and voltage generally is dependent upon 
frequency (or w), including the idea of a resonant frequency at which a circuit 
behaves like a pure resistance. 

A similar analysis can be carried out for the parallel branch illustrated in 
Fig. 5-12a. Again referring to Eqs. (5-23)> (5~30)> and ( 5-31) /we assume a 




v 

(a) 
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sinusoidal voltage v, and have 1^ « V/juLy I Q * J<*CV , and 1^ * V/fc. Also, from 
Kcl in phasor form, we have 



W*L 



(5-47) 



or 



f « (g + J*c + 



lg*J(«c 



j£)]V (5-W) 



Equation (5-48) is quite similar to Eq. (5-45 ), except that in the present 
case a voltage phasor is multiplied by a complex number to obtain the current 
phasor . A phasor diagram can be constructed in accordance with Eq,. (5-47)# as 
shown in Fig. 5-12b. Whether X lags or leads V depends on the frequency. In 
similarity with the series circuit, there is a resonant angular frequency, also 
given by Eq. (5-46), at which the voltage and current are in-phase . 



5-7 Impedance and Admittance 

Equations (5-45) and (3-48) apply to special cases of passive two-terminal 



networks < In .general, these are interconnections of . R,:.L.:and C . elements,: .of 
any complexity that provides one or more current paths between two terminals. Ifce 
word ."'passive* means . that no sources . can be included .in any of the paths . 3fce .next 
step is to generalize to cases of greater complexity,, such as the examples shown 
in Fig. 5-13- 



■A*. 



rA/V\Hh 



(a) 




First we note that for Fig. 5-Ha we had the result 

V = [r + j(uL - jjj)j f (a) 



(5-^9) 



o 



Oi 



o 



which can also be written 



1 " [e + j(«L - ^)] 



(b) (5-0) 



and for Fig. 5 -12a the similar results are 



«[g + a<* -£>] 



(a) 



which can also be written 



V = 



+ -£>] 



(5-50) 



M 



In each case, one of these equations is superfluous (superfluous in the same 
sense that v = Ri and i = v/R are equivalent), but it is customary to adopt a 
notation and nomenclature which admits both forms. We s h a ll now. describe such 
a general notation. The above equations are examples of the following two forms 



V = ZI 
I = W 



(5-51) 

(5-52) 



in which Z and Y are given by the appropriate bracketed quantities . £ Z is called 
■the 'iTirppffcynce of the circuit, and Y the admittance ♦ In view of Eqs. (5-51) and 
(5-52), it is obvious that 



Y = i 

% 



(5-55) 



so that if one of them is known, the other can easily be found. Although 
Eqs. (5-51) and (5-52). imply definitions for Z and Y, it is worthwhile to define 
impedance and admittance explicitly as 



Z = l (a) 



and 



v=£ 



(b) 



(5-50 






l 

■ TV- 



In these definitions, and all the preceding formulas, it is understood that V 
is the phasor for the voltage across the terminals of the network in question, 
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and that I is the phasor for the current in the terminals, with reference 'direc- 
tions as portrayed in Fig. 5-13* 

• * . Since Z and Y are complex numbers, each can be written in rectangular form as 



Z. a R + j X (5-55) 

Y * 0 + J B (5-56) 



5 



b 



5 



6 



R and G carry the same names as in resistance networks, namely resistance and 
conductance , respectively. X is called the reactance , and B the susceptance . 
It should be noted that the similarity of the names of R and G with those used 
in resistive circuits should not be construed to mean that R (or G) refers to 
a single ’resistor. To take R as an example, if we consider the impedance of 
Fig. 5-lla> we find R of Eq» (5-55) is identical with the resistance R of the 
circuit. However, the impedance of Fig. 5-12a is 



Z = 



s + 






& 2 + 



In this case the R of Eq. (5-55) is 



1 

(|) 2 + 



which is not identifiable as a resistive circuit element of the original network. 
In Eqs. (5-55) and ( 5 - 56 ),R and G are to be regarded respectively as the real 
parts of Z and Y, rather than as circuit elements . 

We turn now to the question of how to find Z and Y for circuits of more, 
general nature, such as the examples of Fig. 5-13 • We shall do so by making 
note of similarities with resistance networks. It will be recalled that 
Kirchhoff ’s laws are used to prove the following relationships for the resistive 
networks of Fig. 5-1^* - 



9 




= R 1 + R 2 



g 1+ g 2 



for Fig. 5-l4a 
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G eq - G 1 + G 2 



for Fig. 5-l4b 



R 



R 1 R 2 



'N 



eq, E x +B 2 



! R eq 

(-CTD 



v- i> 



V- r> 



eq. 



E 2 (= 



e<l 



G 2^"R 2 ^ 



e^. 



(a) 



Figure 5-14. 



ft) 



These are the "basic laws for combining resistances (or conductances) in series and 
parallel, which can be extended to more complicated cases merely by repetition. 

By using Kirchhoff *s laws in phasor notation, in proofs that are otherwise 
identical, it can be shown that impedances (or admittances) combine in similar 
ways . Referring to Fig. 5 “15; "the results are as follows: 



i 



z e 4 * h + z ; 



\r 2 



for Fig. 5-lka 



(5-57) 



‘eq. y +Y 
*12 



i 



Y s Y + Y 

x eq X 1 x 2 



z 

e <l z x +z 2 



for Fig. 5-lVb 



(5-58) 







Z„(- =i ) 



2 ' 5 , 



Figure 5 




v- £ 

2 



These principles of combination can be used any number of times , starting 
with "rectangles** that represent branches that are simple enough to have known 
impedances or admittances (like Fig. 5-Ha and Fig. 5-12a, for example , or special 
cases of these). 

Although the procedure for combining impedances and admittances is algebrai- 
cally identical with that for resistances (and conductances ) the fact that .complex 
numbers are involved in the present case means that numerical calculations are 
more laborious. Also, the translation from wave quantities (actual v and i) to 

phasor quantities and back must be included, a step which is not necessary for 

1 

resistance networks . To illustrate these observations , the following two numerical 
examples are included: 

Example 1 : Referring to 
cos(3000t), the current i^ is 
be used: 

R 1 = 120 ohms 
L = 0,5 henry 




Solution 

Observe that the path between the source terminals can be viewed as two 
impedances (labeled Z g and Z ) in series. Accordingly, these two impedances 
can be added, and the current I can be found from I = v/Z. Furthermore, the 



Fig. 5-l6, assuming a terminal voltage v^ (75) 
to be found. The following numerical values will 

R 2 = 2000 Ohms (Gg = 5*10 mho) 
c 

C * 0 o 2x10 * farad 



s. 
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portion labeled Z g is a special case of Fig* 5- Ha* (with C replaced by a short 
circuit, meaning infinite C in the formula), and the portion labeled Z p is a 
special case of Fig. 5- 12a in which L is absent (infinite). Thus, we can proceed 

as follows: 

Beginning with the parallel combination of G 2 and C, we note that it has 
an admittance 



ST » (5 + 36) x 10 ^ 

Z p 

-6 -4 

where we have used wC = 5000 (0. 2) x 10 = 6 x 10 



The impedance of this 



parallel combination is therefore 



Z 

P 



4 



10 

5® 



10 



7.8 0/50.2° 



= 128 2/-50.2 0 



In rectangular form this is 




= 1282 (cos 50.2° + j 



sin 50.2°) 



« 1282 ( .641 + 0.768) 



*= 820 - 0 985 



The other portion of the circuit has an impedance 



Z = 120 + j 1500 
s 



+ The rectangular form can be found directly, without going to the polar form, thus 
10 L - , (5-36)10* ” (p-36) 10 4 , ^ = 820 - 3 985 

5+jS " IwWl 25 + 58 ^1 61 

.However, in most cases, where the sum of the squares of the real and imaginary 
parts of the denominator cannot be found as easily as in this example, converting 
to polar coordinates is the simpler procedure. Many modern slide rules are con- 
structed as to facilitate conversions between rectangular and polar coordinates. 
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where aiL - 3000 (0. 5) = 1500. The total impedance is 



5 



z = z + z 
T p* s 

- - « 940 h* J 517 = 1072 /28080 ' 

The voltage phasor is V = 75 + j0, and so, having found Z, the current phasor is 

d t ; * i , * 

, * w » > • * 

+ j0 S 0O699 7-28.80 

Finally, the equation for the current (not its phasor) is 




i =V2~ (. 0699) cos (5000t - 28. 8°) 



Observe that the voltage leads the current and that the total impedance 
has a positive angle. Voltage leads current whenever impedance has a positive 
angle. However, impedance can also have ’a negative angle, in which case the 
voltage will lag the current. 'In this circuit, by carrying out the same calcula- 
tions for w = 200, it will be foun^ that . . 

Z T * 120 -t j 100 4- 1980 ■ - j 159 • ’ • 



6 



8 



« 5000 - 0 59 

which has a negative angle. In this case, the voltage will lag the current; by 
a small angle. £Note, in these statements, that voltage and current refer to 
voltage between the two terminals and current in one terminal (and out the other), 
using the. customary reference markings for voltage and current v 

Example 2 ; In the circuit of Fig. 5-17, assume that the current is known 
to be iy -^2 (4) cos art, where the frequency is 6p cps. Thus,, w -2jt(6o) » 377* 



The voltage v^ is required. The element values are 



R a 100 ohms (G-l = .oi’nflio) 



L.. » 1.5 henry 



R 2 = 150 ohms 

-6 

Cg = 12 x 10 farad 
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r 

t 




i 




Solution 

This circuit has the general nature of a parallel connection, and can he 
viewed as having an equivalent admittance which is the sum of the two admittances 
Y and Y s .. Thus, beginning with the R-C branch on the right, we write its impeda. 
a. special case of Fig. 5-Ha- (with L = 0), giving 



z s - 150 - j rw>m - 150 - J 221 

— 268 7-55 *8° 

and 

Y = = 5-74 x 10 /55-8 0 = .0021 + 3 -0051 

s z 

s 

For the parallel combination of L and R^, the admittance is 
Y p = *01 - 3 (377) (0.5) * ,01 ” ^ * 00 531 




The total admittance is 

Y = Y + Y = .0021 + .01 + j(.0031 - .00531) 
T s p 




= .0121 - j .00221 

The phasor (symbolic for v T ) is 




r5 



8 
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- X T 

V T T 
*T 



4 + .10 



.0121 - J . 00221 



♦0122 5/ -10 ^ 4 ^ 326 / r 10 1 4 _ 



where = 4 + jO is the phasor for the given current. Finally , the voltage 



wave is 



v T =V2 r (326)cos(3T7t - 10.4°) 



5-8 Voltage and Current Source Equivalents 



Following the genjeral plan that is developing., whereby a-c circuits with 
R, L , and C elements can he treated like resistive- circuits if phasor quantities 
are used; we now consider the equivalence of the two networks in Fig* 5-l8* 



.i 






T 

*»0 



I 

I 

L 



I — *1 



v 



1 — I — 1 



MO 
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V 
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Figure 5-18, 



The ideal voltage source v^ maintains a sinusoidal voltage 

v Q =A/5” v 0 c °s(wt + 0 O ) 

under a 1 ! conditions, and the ideal current source maintains a sinusoidal current 



i Q ^ I Q cos(o)t + ct Q ) 



un der all conditions. These sources are respectively symbolically represented 
by phasors V Q - V Q e a nd j q = I ^ 0 * 0 . The dotted rectangles shown in each 
ease represent identical two-terminal networks consisting of R, L, and C elements 



; er|c 



O 



O! 



Q 









and possibly sinusoidal sQurces , also of angular frequency w. The presence of 
these external branches permits a current i to How, and by restricting what can 
be in these branches we ensure that v and i will be sinusoidal (of angular fre- 
quency u>) and hence can respectively be represented by phasors V and I. 

Just as in the resistive network case, respectively for (a) and (b). of 
Fig. 5-18, we can write 



V - V* - Z 0 I 



X - I„ - V 

0 7 .' 



(a) 

(b) 



(5-59) 



i 



The second of these can be written 



v - Vo * V 1 



(5-60) 



In order for the two networks of Fig. 5-18 to be equivalent, they must be equivalen 
for all V and l(±*e* V and I must be the same for both.). Thus, equating Eqs. (5-59) 
and (5-60), to ensure that V will be the same, we have 



v 0 - V = Vo * V 1 



j 



or 



(VV)> + <v-V f > 0 



This equation must be true for all values of I, and so each term must be inde* 
pendently zero, giving 



: V**vV. . 



v o = Vo 



(5-61) * 



as the relationship between the sources, and 



(5-62) 



v = z o 

as the relationship between the impedances . 

The equivalence between these two networks can be used to reduce circuit 
complexity in the same way as in resistance networks. However, it. must be kept 
in mind that the present case is more restrictive in that the sources must be 



This is the “price we pay” for using phasor symbolism , + but many practical 
problems fall into this category. 

There is one other important exception to the similarities between the 
solution of resistance networks and the steady state solution of RLC networks.. 

In the case of resistance networks, it is possible to include ideal diodes, or 
piecewise linear equivalents, with due regard to the fact that the circuit 
changes whenever the diode current goes through zero. Ehasors cannot be used 
for sinusoidal waves if diodes are included in a circuit, unless the diodes 
are biased sufficiently so that the current never reaches zero. Otherwise, if 
the diode goes from a conducting to a non-conducting condition during the swing 
of the signal, certain voltages and currents will become non-sinusoidal . This 
viplates the conditions under which phasors can be used. Other methods of 
analysis must be used in such cases. There is no intent here to explain how 
to solve such cases, only to point out a limitation on the extension of resist- 
ance networks methods to sinusoidal steady state methods of analysis. 

5-9 Thevenin and Norton Theorems 

For any R, L, C network having only two terminals, such as the box on the 
left of Fig. 5-19, subject to- the conditions that all sources within the box 
are of the same frequency, an. equation of the form 

. v- = v Q - z 0 i * (5-63) 

will be found as the relationship between V and I. In this case we do not find 
a source Vq or an impedance Zq. These are quantities that might be derived from 

■ — O 



— : — O 

Figure 5-19* 




Sources and 
combinations 
of R , L, C o 

> 

f 



+ This is not to say that the general case of any type of source cannot be handled 
for R, L, C circuits, but to do this requires mathematical methods beyond those 
used in this text. 



o 
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an. analysis of the actual network (analysis by the solution of Kirchhoff 
eq ua tions, or perhaps by a succession of applications of the source equivalents)* 
This me ans that V Q and Z Q are functions of the elements within the box, and how 
they are connected. A physical interpretation of them is possible, as follows: 
From Eq. ( 5 - 63 ), it is seen that V = V Q when 1 = 0. Thus, V Q is the open 
circuit value of V. V Q is due to the internal sources, and will be zero if 
these sources sire made zero. This fact provides an interpretation of Zq as 
-v/l, when Vq - 0, (i.e., all internal sources are zero). Observe that -I is 
the current flowing into the + terminal, so that it is evident that -V/l is 
the impedance of the network when all sources are zero. 

This equivalence can be stated in the following formi A network 
having one pair of terminals and consisting of interconnections 
of R, I» and C elements, and voltage and current sources, all of 

which are sinusoidal with the same frequency, is equivalent a,t 

the pair of terminals to a voltage source having phasor V Q in 
series with an impedance Z Q . V Q is the value of the terminal volt- 
age phasor when the terminals are open-circuited; and Zq is the 
impedance at the terminals of the network when all the sources are 
deactivated. 

Having already established the equivalence of circuits (a) and (b) of Fig. 5-l8, 
it is evident that either of these circuits is equivalent to the original, one, 
if Vq, Zq, and = Vq/Zq are interpreted as described above. 

Figure 5-l8a is called the Thevenin equivalent , and the theorem which 
states this equivalent is called Thevenin^ Theorem . Also Fig. 5-l8b is the 
Norton equivalent , and a statement of the equivalence is Norton 8 _s Theorem . 



5-38 



5-10 Methods of Network Analysis 

Conceiving steady state sinusoidal waves all of the same angular frequency u), 
we can summarize the followings 

1) Waves like 1 =V2~I cos (art-fa) and v cos ( u)t+£ ) can be 

treated symbolically in terms of the phasors I = Ie and 

V — Ve^. These phasors do not equal i and v, however# 

2) Kirchhoff ’s voltage and current equations can be written in 
terms of phasor symbols, to obtain the symbolic equivalent 

of writing the corresponding equations for the sinusoidal waves • 

3) For individual R, L, or C elements, the voltage and current phasors 
are related by 



V = R I 

V = jooL I 




if) For any two -terminal network (branch) of R, L, and C elements the rela- 
tionship between V and I can be written either as V = ZI or I = YV , and 
Z and Y can be found by methods similar to the series and parallel com- 
bination of resistances in resistance networks » Voltage and current 
divider principles also apply. 

5) Thevenin and Norton theorems apply, using phasor quantities. 

We shall use a practical example to illustrate further generalizations of 
methods first introduced in the chapter on resistance networks. In so doing, the 
important concepts of loop and node equations will be introduced. The fact that 
these are included only in an example should not be construed as a depreciation 
of their importance. They are not given a specific theoretical discussion because 
by now it seems that the close similarity with resistance networks should be ac- 
cepted, so that it will be evident that resistance network principles will apply, 
with V = ZI replacing v = Ri, and I = YV replacing i = v/R. 

The example is the low - pass filter network shown in Fig. 5-20 . Such a network 
gives preferential treatment to waves of low frequencies . This example will be 
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I, 




3 \ V, 



used to illustrate various methods of determining the output voltage v^, when the 
input voltage v^ is specified. The input voltage will he assumed to he 

V =VT \ cos ust . 

JO _ 



so that its phasor . is V^e u = + jO. 

(a) Loop Analysis 

Loop currents i^ and i^ (with phasors and 1^) will, he used, so that 



th£ current i in the C element will he 1. -i_. Two Kvl equations will he obtained. 

C JL c 



For the left and right hand loops , respectively, these are 



\ + jfe ( V f 2> “ V 1 (a) 



( 5 - 64 ) 



- (X x -I 2 .) + (R+juL)I 2 = 0 (b) 



The second of these equations can he solved for 1^, to give 



I x [R + jwL + -r~] i 2 



(1 w LC f juRC) I, 



This can he substituted in Eq. ( 5-64a ) , giving 



| 
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j(uL - ^)(l - u 2 IC + joEC )Ig + ^ I 2 = v i 



'(-± - wL) ((AC) + j[(uiL - ^)(1 * « IC) + 



4 



L = V 



1 



[(1 - w 2 LC)R + jwL{2 - uTLC)] Xg = V x 
and, finally, the voltage phasor (Vg = Rig) is 



(1-w 2 LC) + j %2-i/LC) 



R 



(5-^5) 



Before interpreting this result, we shall obtain Eq. (5~°5) by two other 
methods . 

(b) Node Analysis 

The circuit under consideration is redrawn in Fig. 5-21 , showing a node 
(3) in the center and corresponding voltage Vy First let us sum the currents 
entering node 3- This sum must be zero, and so we get 

1 it; 



js. (VV - v 5 + *Z ( W = 0 



or 



8 



1 77 



1 77 



V + -r 5 - + JCdC ) V, 

juL 1 jwL 2 jwL 3 



= 0 



Multiplying this through by jwL gives 

^ + V 2 - (2 - io 2 I£) VO 



(5-66) 



This equation involves two unknowns (Vg and V^) since is known. Thus, one 
other equation is needed. This equation is obtained from node 2. The current 

from (3) to (2) is 

-•k- (y - V ) 
joiL lV 3 2 ; 

and the current leaving node 2, through R, is Vg/R. We equate these, to give 

^2. 1_ (y _ v ) 

R jaiL U 3 2 ; 



or 



o 

ERIC 
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V (J r + x) 7 2 

Substituting this expression for V, into Eq.. ( 5 - 66 ) yields 



V 1 ' 



(2 - w 2 K)(— ^) - 1 



v 2 = o 



The quantity within the brackets simplifies to 

(1 - u> 2 LC) + (2 - w2LC) 




and so the result is 



a 



2 (l-w 2 LC) + ^ (2 -co 2 LC) 



which is in agreement with Eq. ( 5 - 65 ). 



(c) Thevenin t s Theorem 

The same network can be solved by Thevenin * s theorem by using the 
equivalence shown in Fig. 5-22. The section shown in solid lines at (a) is 
replaced by the circuit shown at (b). To accomplish this, we first refer to 
Fig. 5-22a, and observe that the open circuit value of V^q (which we shall 
designate as V Q ) can be obtained from the voltage divider principle, as 




JuL + jtc 




1 - « 2 lc 



(5-68) 



The impedance Z Q is obtained from this figure by deactivating the source (replacing 
it by a short circuit) and computing the impedance between the terminals of the 
resulting network. This gives a network of L and C in parallel, for which the 
impedance is 



z o = 



Jt<, + j3c 






1 - w 2 LC 



( 5 - 69 ) 



The voltage divider principle can now be applied to the entire network of Fig. 5-21b, 




^ L _ 



<> E 






0 



© v o 



Figure 5-22. 










W 



giving 



V„ = 



R( 



V. 



1-o> 2 LC 



Ml 



1-w 2 LC 



+ «j(*)L + R 



V, 



n 2 Tri , . coL/ ~ 2 t \ 
1 - u) LC + j-r(2-ca LC) 



in agreement with Eq. ( 5 - 65 ). 

We have now obtained the same formula for V 2 by three different methods. In 
order to avoid leaving this as an abstract formula , let us consider its significance 
for some numerical cases. In so doing, we will not only add meaning to the formula, 
we shall be able to demonstrate more clearly what is meant by saying that ■ circuit 
in question is a low -pass filter. 

The transmission at various frequencies can be determined from Eq. ( 5 - 65 ) by 
rewriting it as 
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1 - fc^LC + j S |(2-u 2 LC) 



( 5 - 70 ) 



ana assuming various numerical values for u, from which numerical results can he 
obtained. Observe that there are . only two combinations of parameters which enter 
into this expression, the product LC and the ratio L/R. Let these have the values 

LC = 10 sec 2 and L/R = 10 sec. 

The following table can be constructed: 



(0 


( 0 2 LC 


l-c*> I/U 


2 -u> 2 LC 


Table 

.OOl I co( 2 -w 2 LC) 


1 -co 2 LC 

+j i |( 2 -u 2 LC ) 


V A 


100 


.01 


• 99 


.99 


.20 


1 . 00 + 0 . 20 = 1 . 02 / 11 ° 


;98/-ll° 


300 


.09 


.91 


1.91 


•57 


• 9 X+j- 57 =i- 0 =/ 32 ° 


• 93 /- 32 0 


500 


•25 


•75 


1.75 


.88 


. 75 +J- 88 d..l 3 / 50 ° 


. 88 /- 50 0 


800 


.64 


.36 


1.36 


1.09 


. 36+ jl . 09 = 1 • 1 5/72° 


..87/-72 0 


1000 


1.00 


0 


1.00 


1.00 


o+j=i/90° 


iZ=go! 


1200 


1.44 


- .44 


.56 


.67 


-.44+j. 67=. 80/123° 


1 . 25 / - 123 ° 


1300 


1.69 


- .69 


.51 


.42 


-.gg+.i.tos. 80/150° 


1 . 25 /- 150 ° 


l 4 l 4 


2.00 


-1.00 


0 


0 


-1+jO = 1/180° 


l/-l80° 


1600 


2.56 


-1.56 


- .56 


-.90 


-1 . 56 -0 . 90 =*1 . 80 / 210° 


. 56/ -210° 


2000 


4 


-5 


-2 


- 4.0 


-3.0-j4.0 = 5*0/233° 


.20/-233 0 


3000 


9 


-8 


-7 


-21 


• -8 . 0 -,i 21 = 22 . 4 / 249 ° 


. 05 /- 249 0 


4 ooo 


16 


-15 


-14 


-56 


-5.0-056=56/2 6 f 


••.02/ -265° 



The most direct way to portray the complex quantity Vg/u^ as a function 
of co, is to plot the results carried in the right-hand column of the above 
tabulation, as in Fig. 5-2 3a. imagine a unit voltage v^rms value = l) so tat 
its wave is described by 



r i WT< 



cos cot 



and 



v 1 = 1 + jO 



where to can have any value in the range covered by the table and Fig. 5- , 23a. 
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At any frequency V^/V^ « He”^®, where H and 0 are indicated in the figure for 
u) s 300 . Since s l + jO for the unit voltage, 

V 2 « He"' 50 

In other words. Pig. 5-23& portrays the response of the circuit for waves of di 
ferent frequencies .and unit rms value. . At several frequencies the outputs are 



3 



4 



* 



[ 






5 



6 



7 



8 




9 



a .93Vi" COS ( 500 1 -11°) 


at 


O 

& 

it 

3 


« . 87 VST" cos ( 800t -72° ) 


at 


W a 800 


a .2oV2~cos( -253°) 


at 


U) a 2000- 



It is evident 'chat the output decreases at the frequency ^increases . This 
why this circuit is called a low pass filter . 

A common method of portraying the variation of output with frequency is to 
plot H as a function of frequency, as in Fig. 5-2 3b • Note that logarithmic sea 
have been used for H and w. This is usually done, because of the wide ranges 0 
which they vary. 



5-11 Power 

Referring to Fig. 5 -24a, let the box represent any combination of circuit 







V < 






(a) 





Figure 5-24. 
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elements , like the examples shown at (h) and (.c)« In general, there will “be a phase 
difference between v and i, except in the case of a pure resistance. Thus, for the 
general case, v and i are respectively represented by 



v=VFv CGs(wt+P) 
i=Wi cos(wt-K*) 



(5-71) 



where the phase difference (the angle by which v leads i) is (p-o0° In complex number 
representation, as introduced in Eqs. ( 5-17 ) , these are 






Ve iat + vV JUt 



) 



i = 



— iwt -iwt 

_v% ie r 1 - 6 — ) 



where 



V = Ve^ 



and 



I =* Ie 



ja 



To find the power, we take the product of the above and get 



p = | ( Ve 0“t + vV J “ t )(Ie jut + iV Jwt ) 



.* -■*- — iparb — *-* -j2wt 

+ ( VIe^ ± m ) 



Referring to the first term on the right of the above equation, observe that 



VI* = Vle^ -0 ^ and 



„ -j (e-a) 
V I « Vie JvP ' 



so that for this term we have 



■■■■ 

VI + V I 



vi(- — ) = VI cos(p-a) 



In the second term observe that VI « Vie 
so that for this term we have 






i t *#■ 

and that V I = (Vi) = Vie 



(5-72) 
-J(P*KX) 



vJ e J2wt + 7y e -Jg«b 



« VI cos(2ut + p + Of) 
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Thus , starting with the product vi , we have the formula for instantaneous 

— power - - * .v - 



p = VI cos(p-a) + VI cos(2ajt + p + a) (5-73) 

A graph of this is sho v • •• ?ig. 5-25, where the dashed line represents the constant 




term P = VI cos(p-a) . ' -^he VI ~Ds(2wt+B+a) term represents a sinusoidal wave of 
angular frequency 2u>, 'which therefore varies symmetrically with respect to this 
dashed line. Accordingly, over a long interval of time areas of the p curve above 
and below the dashed line nearly cancel, so that the dashed line is the steady state 
average value. + (The words steady state mean "average taken over a JLong time 
interval.*) If P is this average, we have the result 

P = V I cos(p-a) (5-T^) 

Observe, from this that the power depends not only on the magnitude of the v 
and i waves, but also on the phase difference . In particular, if p-a = 9Q ,. average 
power is. zero, even if the voltage and current are not zero. This will be true of 
circuits having no resistance, since with only L and C elements there is a 90 
phase difference between voltage and current waves. 

Equation (5-72) shows that average power P can be obtained directly from V 
and I, using 

» •* 

+ Negative and positive areas cancel exactly only if reckoned over an integral number 
of cycles. If a fraction of a cycle is included in the interval over which the 
average is computed, the average will be different from VI cos 6. However, as the 
number of full cycles becomes large, the discrepancy becomes negligible * 



o 
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This form is useful when V and X are obtained from previous calculations in 
rectangular form. For example, suppose 

V - V x + and X - I x * <5X 2 



Then, 

VI* . (v 1 +jv 2 )(i 1 -ji 2 ) = v 1 i 1 + V 2 x 2 + j(v 2 i 1 -v 1 i 2 ) 
v*x » (v 1 -jv 2 )d 1 +ji 2 ) = v 1 x 1 + v 2 x 2 - 

and thus, by substituting the sum of the above in Eq. (5*70), we have 

P=V l I l + V 2 I 2 (5 * 76) 

This last formula is easily remembered. If voltage current phasors are. 

known in rectangular form, (i.e. , real and imaginary parts ; explicitly known) 

the average power is obtained by multiplying the real parts of V and i, multiplying 

the imaginary parts, and adding the two quantities so obtained. As an alternate 

viewpoint , observe that the right-hand side of Eq. (5-76) is identical with the 

real part of either VI or V I. Accordingly, Eq. (5~75) be replaced by 

* 

P = Re(VI*) 

where the symbol Re( ) means the real part of the quantity in the parentheses. 

The product VI (which would be power in a d-c circuit) is called apparent 
•power in steady state circuit analysis. The ratio 

P average powe r (5-77) 

VI apparent power 

is called the power factor of the device or circuit branch in question. From Eq. (5-7*0 
it is evident that 

F = cos(p-a) 

where (B-a) is the phase difference between the v and i waves. Apparent power is 
measured in volt - amperes . 







Chapter 6 



NATURAL RESPONSE OF ELECTRIC CIRCUITS 



Introduction 

In the everyday world there are many opportunities to observe vibrations 
in mechanical systems < For example, a weight at the free end of a strip of 
springy steel clamped at the other end, as in Fig. 6-la, will vibrate if it 
is deflected and then released. A plot of the deflection as a function of 
time is shown at (b). This is called, a damped oscillation or a damped sinusoid, 
because the oscillations (gradually die out. You will observe that the 
oscillation occurs in the absence of any kind of oscillatory source. The 
spring is merely deflected, and then let go. It is, therefore, appropriate 
that the resulting wave should also be called a natural response or a 
natural oscillation. There are many other examples; the oscillation of a piano 
string, the oscillation of the pointer on a weighing scale, when a weight is 
suddenly placed on it, etc. In the case of certain electrical circuits, currents, 
voltages, and charges can also oscillate in a similar manner. 




(a) 



0 >) 



t 



Figure 6-1. 






A constant amplitude sinusoidal wave has the equation 



6-2 



v = V m cos(wt+{3) 

as we saw in Chap. 5* A damped sinusoid has the equation 

v = V e • cos(^t+p) 

2 m ' r 

That is, it is a sinusoidal wave multiplied by a factor e which forces 
the waves to he "pinched” down between the envelope curves shown in Fig. 6-lb. 
As time goes on, the amplitude of the wave decreases or decays, 

3 In this chapter .we shall show how, under certain conditions , responses of 
the above form are obtained from electric circuits. We shall also find that 
under certain conditions, if the rate of decay exceeds a certain value, the 
oscillatory character of the response 1'..; disappears, and the above response 

4 function reduces to a sum of two exponentials, like 

-at -bt 
v = V e + V, e 
a b 

where V , F, , a, and b are constants, 
a r V p 

In the body of this chapter we shall derive these equations, determine 

5 how values of the circuit constant determine whether or not the response is 
oscillatory, and show how to obtain the various constants appearing in these 
equations . 

6-1 The Circuit Equations 

6 A number of different networks could be used as an introductory 
illustration. The series circuit shown in Fig. 6-2 is chosen. After the 
switch is closed, Kvl applies, and we have 



v + v + v = V 
L R C V B 



and thus 
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In addition to this equation, i and v c are related hy 



• dv C 

c dT = i 



vi — 

i 1 



Wv 

R 



If 



=-»B 



( 6 - 1 ) 



( 6 - 2 ) 



Figure 6-2. 

Equations (6-1 ) and (6-2) constitute a pair of simultaneous, equations in 
the two variables v n and i. However, they are differential equations 
rather than algebraic equations. It is our objective to find solutions 
for these equations. 

Ensuing steps will be simplified by introducing two new variables 



and the parameters 



• V5 1 


(a) 


X 2 * V C ‘ V B 


(b) 


R 

a “L 


(a) 


\ 1 
u. 


(c) 


0 Vk 



(6-5) 
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Incorporating these notational changes in Eqs. (6-1 ) and (6-2) yields 



the two new equations 




OUC- 



" W 0 X 2 



(6-5) 




as you can easily show by carrying out the steps yourself. These variable 

changes are not necessary to obtain a solution, but they have the advantage 

of reducing the original equations to the somewhat simpler forms shown above. 

The remainder of our discussion will apply to these expressions, with the 

understanding that Eqs. (6-5) can be used to regain the original quantities 

v and i. You should observe that both x. and x 2 have the dimensions of 
C 1. e- 

voltage. 

A two-pronged attack will be used. The first will be a graphical 
analysis of the equations, from which physical insight can be gained as to 
the nature of the solutions. The second will be the actual mathematical 
solution. While both are important, the 'first part of the discussion is 
particularly significant, from an engineering viewpoint. 

6-3 The Phase Plane 

Since we are dealing with the two variables and x^, it is natural 
to think of plotting their relationship in a plane, called a phase plane. 
These quantities vary with time, and at any instant of time the pair of 
numbers (x^x^) completely specifies the state of the circuit. Consequently 
these variables are called the state variables . The point in the plane 
having the coordinates (x^,Xg) is called the state point. In thinking 
about the phase plane we use the mental image of an ordinary geometrical 
plane surface. Thus, we talk about distances in the plane, even though 
the dimensions of the axis are not length, and we talk about velocities 
as the phase point moves around in the plane. 



Let us determine how the state point varies with time, for the 
simplest possible case (R = 0, which means a =* 0), so that the equations 
reduce to 




<1> 0 X 2 




W 0 X 1 



(6-7) 



To begin, we observe that an explicit algebraic solution is impossible* 
because these are differential equations. However, assume the state of the 
system is known at some particular instant of time; that is, as sume x^ and 
Xg are known. Algebra can then be used to determine how the state is 
changing at that instant, by finding the velocity of the state point. This 
can be done because dx^/dt and dx 2 /dt are, respectively, the x^ and x 2 
components of that velocity, as shown by the two dashed vectors in Pig. 6- 3* 




W 0 X 1 



" W 0 X 2 



The actual velocity of the point is indicated by the 
this velocity has a magnitude which can be found from the 



solid arrow, 
figure to be 



and 
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1 From Fig* 6-3 we make the following observations: 

(1) s/x-j 2 + Xg 2 a r, the distance from the origin to the point) 

(2) The shaded triangles are similar, and therefore the velocity is 
perpendicular to the radial line r. 

2 Nov observe that u Q (= 1 /VlC ) is a constant, and that 

u = ru>. 



( 6 - 8 ) 



Since the point moves with a velocity perpendicular to a radius, it follows 
that the point moves on a circle, with radius r. (Khy?) Thus, we find that 
the velocity of the state point has a constant magnitude. The point seems to 
he rigidly attached to a wheel rotating with constant angular velocity Uq. 

The pro blem is not completely solved, but we have taken a big step. 

Although w is known from the circuit parameters, we do not yet know a value 
of r, nor is it clear where the point is at various instants of time. 

Completion of the solution requires knowledge about the circuit at some 
particular instant of time, usually taken as t = 0. Thus, let x.^0) and 
x (0) be the values of the state variables when t = 0. These values, which 
are called the initial conditions, must be determined from the specified problem. 
For' e x am ple , suppose the actual circuit arrangement is shown in Jig. 6-k, in 
which the switching arrangement is slightly more complicated than in Kg. 6-2, 
in order to provide the possibility of having an initial current i(0) in the 
conductor. The capacitor is assumed to have a charge at t = 0, leading to an 
initial capacitor voltage v c (0). Thus, the initial values of the two state 

variables are 

x 1 (0)= V | i (0) < a) 



(6-9) 



x o (0) = v_(0) - V. 



B 



ft) 



8 



As /battefry Jkr is disconnected from the inductance, at t = 0, the inductance 
cannot have a discontinuity of current, and so i(o) must become the current 
in the L~C circuit. Although this may seem to be a rather artificial situation, 
it provides the possibility that x^O) and x 2 (0) can both be different from zero. 
We could &ave simply said assume both x ]L (0> and x 2 (0) are non-zero. 
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Figure 6-4. 



With knowledge of x^(o), and x 2 (0), the position of the rotating point is 
known at t ** 0, as indicated in Fig. 6-5, in which the state point is the tip 
of the radius line. Since we also know that the line rotates with angular 
velocity the motion of the state point becomes completely known. The 
time variation of x^(t) and x^(t) can now be obtained graphically, as shown 
in Fig. 6-5* This construction has an unusual orientation, with the time 

i 

axis in a vertical position for Xg. 

Analytical expressions are easily obtained from this graphical analysis. 
The radius 

r “/ fc ^ 0 )] 2 + t x 2(°)] 2 

and angle 

x 2 (0) 

6 *= arctan 



(6-10 ) 



^o7 



are known from the initial conditions. Also, at any time t the angular 
position of the state point is cot + 0, and so we have 



x o(°). 



x ]L (i;) a >/[x 1 (0)] 2 + [x 2 (0)] P cos [w Q t + arctan -^—7] (a)> 



* 3 .( 0 )" 



x. 



(0) 



X„(t) = V&i (o)] 2 + [ x p(°)] 2 sic [ut+arctan — — -j 

. x,(0) 



( 6 - 11 ) 



Cb) 






It would tuve been rather easy to obtain these equations mathematically 
from the original: equations. However, this graphical approach has the significant 
advantage of providing a pictorial indication of how the response is determined 
by the initial conditions, through their effect on both the radius of the 
rotating line and its initial angle . 

This example has pedagogical value because, as the limiting case (ex — 0) 
in which there is no energy dissipation, it provides a base for Consideration.* 
of the more general case. The a = 0 case can also be of direct practical 
use in the analysis of transistor or vacuum tube oscillators. We shall not go 
into the details of this question here, except to point out that an essential 
function of the vacuum tube or transistor in an oscillator is to cancel the 

effect of the actual circuit resistance. 

The:. fact that x^.+ x g 2 is a constant has interesting implications in 
the case where V B = 0, so that x 2 = v c * Going back to the definitions of 
x x , and x 2 , in Eqs. (6-3), we then have 



ii 2 + v r 2 . r 

c c 



2 



or 



Li 2 



Cv. 



-Cr 



( 6 - 12 ) 



~o ■** ““o ~ g .2/1 

The right- han d side of this equation is a constant. On the left, Li / 2 is 
the energy 'stored in the-.'induct&hct s*t any instants, • •• ., 

the energy stored in the capacitance. The total energy is constant (as we 
should expect, since no energy is dissipated in the absence of resistance), 
and so as one increases the other decreases. Twice during each cycle the 
energy is completely interchanged between the inductance and capacitance, 
being a m ax i mum in one when it is zero in the other. 

How suppose a 6 0. Continuing to think of the velocity of the state 
point in the phase plane, referring to Eqs. (6-5) and (6-6) we see that *v. • 
the vertical velocity dx^/dt is unchanged, but tha*o the horizontal component 

now becomes 

dx„ 



At 



ax. 






In other words, at any point not on the x^, axi3 an additional component 
-ax must be added to the horizontal velocity, as indicated by two examples 



t+arctan 



JULlillilUJilJlpil | 



V 



. -'i 



8 



/ , 

J 



'6-10 




■ For analysis of this case,, it is convenient to write the .original 
equations in the form 



, 1 \ ^ X 1 * f - cc 
0 * 



% X l* X s\ 



(6-15) 



V dt ffl X] 



This. ishowa that . the ratio 






i ,» JUV • * * 






t = 1 Vu: j - R ^1 



determines the extent to which the velocity is modified® A good idea 
of how the circuit will respond can be obtained by calculating dx^/dt and 
dXg/dt at a variety of points,, and plotting the resulting velocity vectors 
Figures 6-7 and 6-8 show these sets of vectors for the two cases a = Wq/2 



and a - 2 u)q. 
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Such plots as these do not- provide explicit solutions , but they do 
•..provide considerable insight as to what happens. As'in^the case^ when 
a - Q, initial values x^O) and.x 2 (o) determine a starting, point, from 
which the point moves with the ' appropriate velocity for that position.. As. 
tjhe point moves, the velocity also changes and there is a new velocity 
appropriate for each position, and a path, or trajectory , is traced out. 

Because the velocities are tilted toward the vertical axis, these trajectories 
generally go toward the origin. Physically , this means that the cir cuit 
approaches a state of rest (x 1 = x g * 0, meaning i = 0 and v Q =* V fi ) as 
energy is gradually dissipated in the resistor. Several such trajectories 
are shown in Figs. 6-7 and 6-8 for different initial conditions. 

Thejpe trajectories do not show the time variation directly, but this 
can be included (preferably in terms of values of u) Q t) by placing marks 
on the. trajectory. In these figures, each arrow is of a lenght 0.2u, meaning 
its length is the distance the point will move from the dot at the center of the 



arrow when u) Q t increases by an amount 0.2, assuming a uniform velocity for 

5 this short le ngth of. time. Such time interval markings are included on the 
/ trajectories. Graphs of x 1 and x g as functions of time can be obtained by 

projecting points, as indicated in Figs. 6-9 and 6-10. 

In comparing the cases a * u»q/ 2 an ^ a “ ^ seen ^hat in. the 

6 former case the responses are basically oscillatory, but that this is not 
tru^ when a = 2u> Q . The energy interpretation given for the dissipationless 
case* provides some insight as to the reason for this difference. As previously 
stated, when there is no dissipation, energy is passed back and forth between 

j capacitance and inductance, while the total energy remains constant. When 
there is dissipation (a > 6), some energy is lost during each interchange, 
and hence each successive voltage and current peak of Fig. 6-9 is smaller 
than the previous one. However, when a becomes equal to or larger than 

8 a certain value (called the critical value, which we shall presently show 
is 2u ) q), the energy dissipation becomes so large that a complete cycle of 
operation never occurs, and the result is a response, as in Fig. 6-10, which 
is essentially non-oscillatory. 
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,, This phase plane ’interpretation does not provide exact solutions, but 
it does show the effect, of circuit resistance, and, as in the case of. Fig. 

6-5, shows how initial conditions determine the response curve, merely by 
locating the state 'point, at t * 0. When R, L, and C are constants, as we 
ha-ve tacitly assumed, exact, analytical solutions are also possible-, as we 
Shall presently show. However j the phase plane approach can also be used 
for nonlinear equations, where a and/or u)q are functions of x^ and/or 
Such a functional relationship merely modifies the velocity vector at each 
point in the phase plane. Graphical analyses are then generally necessary, . 
or approximate point -by-point numerical calculations can be made to determine 
a succession of state points, perhaps by digital computer methods. The 
extensive velocity-plots of Figs. 6-7 and 6-8 are not needed to obtain 
solutions by this method, but they are included here for their pedagogical- 
value 1 , to aid in your visualization of a variety of trajectories from various 

starting points. ; 

Illustrative Example - . * " 

For the trajectories given in. Figs. 6-7 and 6-8, the maximum radial 

coordinate for each curve (which occurs at the initial point) is unity. 

For this reason, they can be called normalized curves, Obviously, practical 

problems can haye a value (r m ) for this initial radius. which is deferent 

from unity. Curves like ; Figs. 6-7 and 6-8 can then be regarded as plots df 

Xn /r vs. x^/r (which will have a maximum value -of unity). Actual- values .of 

x and x can then be obtained from the normalized curve merely by multiplying 
!L 2 

by ■ 

*m - , 

As an example, consider the circuit _of Fig. 6-lla. It is assumed that 

the capacitor is initially charged to 15 volts, and we are to determine the 

variation of v and i after, the switch is closed. Using the numerical values 
» C 

shown on the figure, we have - 

2500 

a . ~ .02 



= 1.25 X 10' 



= 



/(.02)(.08)X10‘^ 



= 2.5 X 10' 



I 
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1 Thus, we see that a = Wq/ 2, and therefore that Fig. 6-7 is applicable. 



‘I 

Also, 



X 1 ' 



02 



/ 



. 08x10 



35 



i a 500i 



/ 



J 



X s! V 

x 2 C 



and, from the stated initial conditions,. r m 



5', 



= V x 1 (0) 2 + x 2^ 0 ^ 2 = 

Since x^O}* 0, we see that Fig* 6- 9, which was derived from Fig. 6-7, is 
the applicable curve, if- values of Xg are multiplied by 15? Values of 
are also multiplied by 15, but if we wish tq obtain current i, we also _ 
divide by 500. Thus,* to obtain i, the x^ ordinates labels of Fig. 6-9 
are multiplied by 15/500 = .05* j As mentioned previously, the time scale 
is obtained by dividing values of w^t by Wq = 2 ° 5 X 10^ in this example. 
The resulting curves are_shown In FJg. 6-11 (b) and (c). These are the 
same as the curves in Fig. 6-9, except for the scale changes noted above. 

Another example is shown in Fig. „ 6- 12a. In this case the capacitor 
is initially uncharged* arid a battery of voltage V E »/ 80 volts is switched 
into the- circuit at t s 0. For this example 

100 _ 9 
^ tt c — , 



to * 



500 



• . ° \/(.4o)(io) x lo" 

Again a * Wq/ 2, and soi.Figy.6-7. can be used. The variables are 

i K 2001 




10X10 



8 



80 



Observe that x 1 (0) =* 0 and x 2 (0) = - 80, and-r^ «= 80. We do hot have a 
curve starting at a negative value of x^. However, Fig. 6-7 is symmetrical, 
and so the trajectory starting at x 2 (o) * 1 can used sign® on 4114 

x are reversed. Furthermore, these variables are to be increased by ;the factor 80. 
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• Thus, in effect x^ and in Pigs. 6-7 ,fl nd 6-9 should, he multiplied by -80 
ito yield the above values of and x^. Furthermore, to get i from .the - . 

coordinates of Fig* 6 - 9 * we divide ,x^ by 200, and to get v^, we acM 80. 

By inverting the Xp of Fig* 6-9 and adding 80, we obtain a curve for 
which starts from the origin and gradually settles down to,^ the constant 

V ’ * 

f value 80, as shown in Fig* 6- 12b. In other words, from the physical view- 
point, .the capacitor is eventually charged to voltage = 80. Tlie current 
curve is shown in Fig* 6-12c, and this offers an interesting comparison 
with Fig* 6- 11c. In Fig* 6-11 the current starts in a negative direction, 
.'because the capacitor is initially • charged positively. When the switch is 
closed, positive charge begins .to leave the left-hand plate, causing i to 
be negative. In- Fig. 6-12, the capacitor voltage starts from zero, and so 
the applied voltage .of the battery causes current to flow in the direction 
of the arrow, making- i positive. 



6-4 Mathematl cal Suit it ion . 

We shall now consider the exact solution of the original equations, 

namely ' ' dx 

- dt = -a?C l " *0*2 



dx 2 . • 

dt ' * 0 X 1 



for the linear case (a and u)q are independent of x^ and x^)* 

The form of the solutions x^(t) and x^(t) ^ ese equations is not 
evident. However, it is a legitimate procedure to solve equations by a 
trial method, checking the trial solutions to see if they are satisfactory. 
The trial solutions will be^ 






V 



st 




( 6 - 14 ) 



where s is an undetermined constant introduced to provide generality to the 

st -t/T 

exponential function. (That is, e is much like the exponentials e 

encountered in R-C and R-Ij networks, s being similar to-l/T . )*’ These are 









readily differentiated and substituted into' the original equations, with the 

result- ; . — 

’ ' A st ‘ st 0 st; 

sA^e — ■ ■* ocA«^® m ^0**2** ' 

st . st \ 

sA ? e s (OqA^s 1 

v “* g*^ 

The common factors e can be cancelled, giving 



(s+a)A 1 - - U) q A 2 



sA 2 = « 0 A l 



(a) 

W 



(6-15) 



We now think pf s as any constant, and attempt to. solve these equations for 
A^ and Ag. -The second equation gives Ag = (oJq/s.)A^ which, when substituted in 

the first yields * P 



(s-kx)A 1 : 



2 2 

w n 

— A, or (s+a+ — = 0 
s - 1 s x 



= 0 is a solution, but this is trivial, and of no interest. If A, is not 
1 „ ~ ° 
zero, we see that s must have a value which is. a solution of the quadratic 

equation 



* 1 



2 2 
* s + as + =0 



0 



This is called the characteristic 
roots 



( 6 - 16 )* 

of "the network, and it has the two 
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*ln more advanced treatments, where more than two equations is a possibility, Eqs< 
( 6 - 15 ) are written _ 

(s-kl)A 1 + o) 0 Ag 0 

. “ w o A l + SA 2 M ° 



An attempt to solve these for A^ and Ag by using Cramer ‘s rule, gives 

0 



V 



A 1 = 



co. 



s-kx co. 



-to. 



Since the numerator .is zero, A^ can have a non- zero value only if 



s+a 



-to. 



(0 



— i ** 

Sxpansion of this determinant yields Eq. (6- 16). 
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a . \ A * . 2 a , , [f a 

= - 2 + V-5T - “> 0 = - 2 + u 0 V\2^ 



2 

1 






0 



a I s - ,Vs a Ta 

= " 5 " YT * “ 0 = " 2 " “o ^ ( aJ 



2 

•) , - 1 



(6-17) 



0 



which are different, unless a = 2 We shall exclude this exceptional case, 



for the present. Roots s & and s^ are called the eigenvalues of the original 



equations. (The prefix eigen comes from a German word meaning characteristic.) 



The two quantities s and s, were obtained through our attempts to solve 

B* D 



3 for A^.and Ag from Eqs. (6-15) • From the second of these equations, we find 



u>. 



* 2 “ 



0 



(a). 






or 



A s — A 
A 2 s. -1 

D 



( ) ' 



depending on’which eigenvalue is used. (The other equation also leads. to the 
same results with a certain amount of mathematical manipulation. (Can you do .. 
it?) Let s & be chosen. Then, from Eqs. (6-1^) we see that 



i = A i' 



s t 

a - 



w 



s a * ' 



X 2 = ( 7 -> A l e 

a 

are solutions of the original equations. Constant A.. is arbitrary. (A 

* — > .X 

direct check is worthwhile. ) Since A^ is arbitrary, and since might 
as well have been used in Eqs. (6-18), it follows that 



(6-18) 



x i - \ e 






'st 

x 2 - <r> B i e 

0 



8 



are also solutions, where is another arbitrary constant. When equations 
are linear , as is the case here, the sum of two solutions is also a solution. 
(An easy way to see this is to try it. ) Thus, we can now say that the complete 
solutions are 



A^e 
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; + (r)B 2 e D ' 
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These are solutions in the sense that identities are obtained upon 
substituting them into the original equations. However, the arbitrary constants 
A and must be evaluated in order for Eqs. (6-19) to be solutions, for s - 
particular case. The fact that there are two constants in Eqs. (6-19) 
corresponds to the fact, as explained in the discussion of phase plane solutions 
that there are two initial conditions, x.^0) and x 2 (o). Thus, for .a specific 
case, placing t as 0 in Eqs. (6-19) gives 



•*-]_( 0) - A^ + B^ f jjp 


(a) 


k) UL 


x 2 (0) - (•~)A 1 + 

a b 


(b) 



( 6 - 20 ) 



as two equations which can be solved for A-^ and B-^° 

This completes the formal steps in arriving at the solution, with the 
exception that the special case s & * s^ has not been treated. can see that 

EqSo-- (6-19) do not then provide a complete, solution, because e becomes a 

factor of each term and, in effect, there is then only one arbitrary constant, 
which is not sufficient to accommodate two initial conditions. Treatment: of 
that special case will be -deferred until we develop some interpretive ideas 
about Eqs. (6-19). Referring to Eqs. (6-17) we see * that if a = 2a) Q the eigen- 
values are real, and that they are complex if a < 2w 0 <> Discussion of the 
implications of these two conditions will be an important part of our results. 
Another useful interpretation involves the relationship of the analytic 
solution to the phase plane solution presented earlier. 

Concerning the phase plane. Fig. 6-13 shows the initial state point of 
a typical problem, and the obvious graphical interpretation of Eqs. (6-20). 

Although s ' and can be complex, and they appear in Eq. (6-20 ), it 
is necessary that x g (0) must be real. This is possible if and ^ are .. _ 

also complex. In fact, since is the conjugate of s & , it can be shown ' 
that B- must be the conjugate of A^* This includes the possibility of 
and being equal and real, as a special case of the conjugate relationship, 
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) 



1 when the imaginary’ part is zero.^ Thus, in general, and B^ can he complex 
and they are related by 



O 



8 



i ) 



h - V 



Bars are uped Dver the symbols to indicate the possibility of their being complex; 



0) 

s 




Figure 6-15 



+ To prove that B, « A * is necessary and sufficient for x p (0) to be real, adopt the 
-notation-Aj-- - a^a^ and B 1 = b-j+jb^ Also let Me d _^ ( w (/ s a )>- which implies that 
(t^) = Me“^ a . The equation for x 1 (0) is then 

x ;2 (0)=m[( cos a + o Sin a)(a 1 +ja 2 ) + (cps a- <3 sin aHb-^jbg)! 

and its imaginary part is 

m[e^ sin a + a g cos a - b 1 sin a + b 2 ‘ cos aj 

Setting this equal to zero gives 

- (a 2 +b 2 )cos a « (a^-b^in a 

This equation must be true for any value of a. Therefore, the quantities in 

♦ 

parentheses must be^zero^aAnd so 

b i ■ a i 



b 2 "' a 2 



Thus 



, % = ^ + 0^ * a ! " 0 a 2 > which is A*. 
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6-5 Interpretation oi the Solutions -• -- 

With the exception of the case s a = s b , Eqs. (6-20) can he solved m 
any numerical case, Thus, no additional analysis is needed to obtain numerical 
results for a specific problem. However, some general properties of the response 
2 curves can be determined, Also, the solution for the special case s & - s^ is 
yet to be determined. These are the topics to be considered in this section. 

We shall treat three cases; (l) s & and s^ are realj (2) s & = s^j (3) s a and 
s are complex. Equations (6-19) and (6-20) serve as the starting point, the 
5 former providing the -general form of the solution, and the latter containing^ 
the’ relationships from which and are determined. 

Case (1); s & and s b are real, • t ’ 

Referring to Eqs, (6-17), it is seen that we. can write 

**■ s = a + 7 • 



( 6 - 21 ) 



s. 



7 



where 



a 




( 6 - 22 ) 



(t) / 



6 



By straightforward algebraic manipulation, it is found that 




(a) 



(6-23) 



7 




and 




(6-24) 



8 
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1 It. is ratlier eas y t o check that th e se are sol utio n s b y observing that the sum 



of the first pair is x^(o), as required by Eq. (6-20), and the sum of the 
second pair is Xg(o), in agreement with Eq. (6-20). 



observing that a is negative , but greater in absolute value than 7. Thus, 
for all positive t, 

(0-7) t < (a+7) < 0 

and also 

e (tf-y)t < e (atHy)t 

For a typical case, these functions are related as in Fig. 6-l4, illustrating 



Using Eqs. (6-23) and (6- 2k-), we are now interested in interpretations 



2 of 




(6-25) 




First consider the exponentials 



e 



(cr+7)t 



and 



e 



(tf-7)t 



4 




that e^ 0 ^ decays faster than e^ a+ ^^. All solutions consist of suitable 
combinations of these, "according to Eqs. (6-23), (6-24 ) J~ (6-,2$:)v:~3 



7 





(a+7)t 



Figure 6-l4 
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+Tt would be convenient to have ’some-generaiprinciples- f rom -which— i-t — 

would be possible to estimate response curve shapes from the initial conditions. 
It will be recalled that this was done in the case of R-C and R-L circuits, 
where the response consists of a single exponential. Those cases are handled 
by fitting a suitable exponential curve between Initial and final values, where 
the parameters of the circuit determine the time constant of the exponential. 

We would like to do the same thing in this case, but now there are two 
exponential functions, with time constants -l/s a and-l/s^. This makes the 
problem more difficult, as illustrated by the three examples of Fig. 6-15* 
Depending on relative signs and sizes of and B^, there are three possible 
curves. Thus, it is apparent that consideration of Eqs. (6-25) does not ^Leld 
all the information we need. The reason is that both initial conditions 
affect the curve shape, whereas in looking at Fig. 6-15 only x^(o) * s * n 
evidence. The need to incorporate both initial conditions naturally suggests 
looking at the phase plane for the possible answer. 






There is an initial state point having coordinates x^(o) andXg(O), and 
a final state point at the origin. First, let us consider the behavior of the 
trajectory as t approaches infinity. To do this, consider the ratio x^/x^ as 



— — — - — - ■ - ' p — ’<» ■ ■ 1 1 ' ' ~~ — . — 

+ The remaining discussion of case (1) can be omitted without loss of continuity. 






) 
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t approaches infinity. It is recalled that approaches zero faster 



than e 



(a+7)t 



Therefore, for very large t we have (approximately) 




A 2 G 



(a+7 )t 



A^e 



( a+7 ) -b 




This ratio is negative, and given ■by . 




(6-26)+- 



In other words, the trajectory must approach the origin in such a way that 
bhe ratio x^/x.^ will be nearly constant, which means the state point approaches 
the-origin so as to be tangent to a radial line of slope (a-7)/u)jy 

This result is portrayed in Fig. 6-l6a. Some ambiguity remains, however. 
Equation (6-26) gives no information for making a choice among the four cases 
shown in Fig. 6~l6a, all of which are tangent to the diagonal line at the origin. 

Further information depends upon investigating properties of the trajectory 
at finite values of t. Help is obtained by returning to the original differential 
equations, to determine those points in the phase plane at which the velocity 
of the state point is toward the origin. 

r Referring to Fig. 6-17, it is seen that this will occur when 




*From Eqs. (6-23) and (6-24) 



A 2 w o X l(°)~( a ’ 7 ) X 2(°) 
\ = (cy+7)x 1 (0)-w 0 x 2 (0) 




( ^ )X 1 (0) ~ X 2 (0) 

.^) X 1 (0) - X 2(°) 



The quantity in brackets is unity, as may be seen by referring to E<J. (6-17) 
which shows that u) Q 2 = a 2 - 7 2 , or a ljia-y) - (a+7)/^. 



From-Eqs — (6-5) . and( 6 - 61 , 

' dx g 
dx. 



Vi 



Uk 



°*i + Vs 



0£» + W 



0 x. 



Thus, for the condition specified 



or 




which has the two solutions 



X 2 a + 1 fa 2 , 2 



- 3+1 and -2=2 
u 0 “0 

These are constant values of the r&tio x^/x^, which correspond to -values on 
the radial straight lines shown in Fig* 6-l6b* One of these is the line 
previously shown in Fig* 6-l6a„ 

A trajectory cannot cross either of these lines* To do so would imply* a 
contradiction, since it would require a velocity component normal to the line. 
This observation leads to the further conclusion that for any initial state 
point lying within the shaded sectors, the entire trajectory must lie within 
the sector, and have a form of the general nature illustrated by the two 
examples in Fig. 6-l6b. + 

If the initial state point is in one of the regions shown shaded in 0 
Fig. 6-l6c, it is clear from observation of the figure that the trajectories 
must be as indicated. All other possibilities would either cross one -of the 
diagonal lines, or would not approach the origin tangentially to the heavy 
line. 

+ It can be shown that dx 2 /dx ± > x 2 /*l at any point within the shaded sect o rs of 
Fig. 6-l6b . 



/ 







o 
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37 bf~cour se , ''this ' information doesnot determine the tra jectory with - 

precision. However, one further clue is obtained by observing that the 
trajectory must be normal to uhe x 2 axis as it crosses that axis. This 
is because dx 2 /dt = = 0 at points on this axis. 

2 These various trajectories can be used, in the customary manner of 

projecting onto the axes, to estimate shapes of the x 1 and x £ curves. 

The existence of two sets of "forbidden" lines, which cannot be crossed 
by the trajectory gives a vivid confirmation that the responses obtained 
-3 in the case of real eigenvalues cannot change sign more than once. 

Case (2): s & = 

The solution for this case is obtained from the previous one, by 
* » 

investigating the limit as y approaches zero. To begin, the case (1) 

( ry-f* y 1 1 

k solutions are written explicitly, by multiplying A 1 and by e , 

and B and B 0 "by e^ 0 ’ 7 ^, where the A's and B's are given by Eqs. (6-23) 

12 p-f. 

and (6-24). In the interest of brevity, let the factor e be extracted 
while the remaining terms are combined with x^(0) and x^(0) as factors. 

5 'The results are 



X 1 " 



at 



2 7 



x. 



(0)[(c+7)e 7t - (a-7) e yt " [V 7 t -V 7t ] 



8 



or 



= ^~' Xl (°)[ V 7t - w 0 ' 7t J - x 2 (0) (a-r)e 7t - (a+r)e 



-7*' 



X. 



- e 



at 



yt -yt 7t -7t 

« x (o)( a -if— ) + ) 



e 7t . -7t ' 

w 0 x 2 ( 0 )( 2 y ^ 



x 2 = e 



at 



a yt - yt yt - yt /e 7t +e" 7t 

" ax o (0)(^-j! ) + x o (0)( e 



27 



27 



) 



(a) 



(6-27) 



0>) 



;\jow let 7 approach zero. The quantity (^e 7 +e 7 )/2 approaches unity. 

However, (e 7t -e" 7 t )/2 y becomes indeterminate. One way to obtain the limit i: 
to use i ’Hospital's rule, differentiating numerator ^and denominator with 
respect to y. The result is 



te 7t +te’ 7t 



= t 



2 
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1 in the limit as y goes to zero. Thus, when 7=0, Eqs. (6-27) become 



5 



6 



X x a e at J^ot x x (o) + x 1 (o) - a) Q t x 2 (o)J 
x 2 = fu 0 t x^(.0) - otx 2 (0) + x 2 (0) ] 



This can be further simplified,. since in this case 



Thus, 



y ‘ j t * w o = 0 



a 

% = 2 - - 0 



(rejecting - a/2 because ■■ l/ y/LC must be positive). The final solutions 



are 



x x *^(0) + x 2 (0)J (at)e at + x 1 (o)e at 

4 

X 2 “[" x l^ 0 ^ + x 2^°^j ( c,t ) eC,t + x 2(°) e0t 



(a) 



Cb) 



( 6 - 28 ) 



Although the equations are different from those for case (1), the curves 
of x 1 and x 2 are similar . {The phases plane interpretation of Fig. 6-l6 applies 
but lines c-d and e-f now coincide, abolishing one .of the regions. )* 

Case (3); s & and s fe are complex. 

For this case, 7 is imaginary. Therefore, it is convenient to change 
notation v to ~ f • 



s_ = cr + jw 

cl 



s b = Cf “ JW 



where 



2 CL 

“ “-Jr = \/ u 0 - TJ - 



(6-29) 



(6-30) 



+ This statement refers to material which you may have omitted, in, accordance 
with a previous footnote. 
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The algebra leading up -to Eqs. (6-27) remains -valid if 7 is 1 imaginary. 
Therefore, the required solutions are obtained immediately by replacing 
r “by jw, giving 



x. = e 



at 






CT i (0)( — 15s 



~«)wt -jwt -jwt 

) + x- x (o)( ~i )-V2 (0)( 5 



4 



x 2 = e 



at 



Jut -jwt 

) -<* o(°K 



2jw 



2Jo) * X 2 (0)( 2 ^ 



However, the exponential combinations represent trigonometric functions, as 
follows : 



e jwt_ e -ju>t 

2 T~ 



e Jut +e -dwt ; 



« sin wt 



s COS wt 



Thus, the solutions become * 

y« l «»- V g(or 




sin wt + x^(0) cos wt ^ e 



sin wt + Xp(0) cos wt^ e 



at 



■) 



at 



(a) 






(6-31) 



The two trigonometric functions within the brackets combine to yield ' 
sinusoidal waves of angular frequency w. It is recalled from Eq* (6-51) that 



/ ^ a 

w « /« 0 -nr 



but, since a « - a/2, this is also 



u = \/ 



“0 






)■ 



(6-32) 



This is an interesting result, giving an analytic proof of the fact -.mentioned, 
in connection with Fig* 6- 7> that w,‘ the natural angular frequency of the 
wave, is less than w 

0* 



o 
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For interpretation of these equations, it is convenient to combine 
the “trigonometric functions. The quantities in brackets are steady state 
sinusoids, to which phasor ideas apply, with the results’ 4 " 



‘) 



8 



x, = 



x„ = 



X Q cos 



X q cos 



-•M’ 2 * ■ s i] 



"Q A-' f) * 



- 6 , 



e at 


(a) 


e at 


(b) 



(6-35) 



where 



x o = 



M 2 + L x 2(°)] 2 } -2u o <jx 1 (0)x 2 (0) 



2 2 
■“0 _• ° 



(6-5*4-) 



= arctan 



a -u) 



x 2 (o) 

0 x^(o) 



/ 2 2 
/"o - a 
x x (0) 



(a) 



= arctan 



0 xJO) 



- a 



A 



7^7 



(6-35) 



(b) 



Using x^ as an example, since sin wt = cos(iot - |j), the phasors for the sin cot 
and cos wt terms are, respectively, __ 

ox 1 (0)-u 0 x 2 (0)' 



-a 



U) 



IV 



and x 1 (0) 



Accordingly, the phasor for the sum is 




a 



i 
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t 



Both waves ' are of the general form shown in Fig. (6-18). Their amplitudes 
are the same, but their initial angles are different. The effect of the 
exponential in reducing the magnitudes of successive peaks is evident in the 

figure. 




By differentiating the equations it can be shown .that points where the 
undamped sinusoid is maximum correspond to points (like B in Fig. 6-18) where 
the damped wave is tangent to the exponential envelope. The actual peak values 
(like A) occur slightly earlier. The separation between these two points becomes 
larger as the rate of decay increases. The first tangent point (b) occurs when 
the argument .of the -cosine is zero,* that is* when t - t^ is a solution of 



8 



i,2 









or <ju. 



'i-(rr-) 2 *i = e 2 



00 . 



respectively, for the and x g curves. Also, the first zero occurs at t g , 
where 

' ‘ it 



to 






I or u 0 



'i-(t -) 2 tg = e ' 2 + 2 



'to 



0 
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Chapter 8 
ELECTRIC MOTORS 



1 Introduction: 



It is generally true that any electrical machine that can operate as a 
generator can als6 operate as a motors When such a machine is connected in a 
circuit and mechanically connected to a mechanical load, or possible source of 
2 driving torque, whether the machine operates asja motor or generator depends on 



) 



conditions external to it. For example, the electric machine (motor or generator) 
attached to the axle of an electric locomotive is acting as a motor when it is 
* receiving electric power from overhead lines and delivering mechanical power to 

' -«s 

3 drive the locomotive up a hill. Conversely, if the locomotive is going down 
hill, the direction of power flow through the machine can be reversed. It can 
be driven mechanically, and deliver electrical power to the overhead line. No 
electr ical Connections are changed in the process. .Whether gravity is pulling, 
k back or forward determines the d i rect ion of the mechanical toique ut the machine 
shaft, and hence the direction of power flow. 

These principles are most easily seen in the case of a d-c machine. In Fig. 

8- la, a d-c machine with separately exc i ted field (to make the flux independent 
5 of speed) "is connected to a driving engine of some sort, which can drive the 
machine at various speeds, or be driven by it. 



Shaft 



rrr~ 


n/ 


Motor r f* 


Eng i ne 


h — 


or 

r > , 




J 


Gene ratrorj 

i/ 




• (a) 






Battery 
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- V 



B 



: ' (b) 

Figure 8-1. 

The equivalent circuit of the electric machine is shown in Fig. 8-lb. 



Resistor R includes the resistance in the equivalent circuits of both the generator 
and the battery, and also the connecting wires. The potential source is equal 
8 the induced emf of the machine, and is proportional to its rotational speed 

(8-1) 

m 

where k is a constant of proportionality. 



thus: 



V = kw 
s m 
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*An exception to this statement is discussed in Sec. 8-6. 



f 

} 



'ab- 



solution of Fig. 8- lb readily yeilds 



I - 



k " V B 



( 8 - 2 ) 



3 



5 



7 



8 



If I is positive, electrical power leaves the machine and enters the 
battery. That is to say, the machine acts as a generator. If I is 
negative,' electrical power leaves the battery and enters the machine, 

and so it is then acting as a motor. 

If we use the example of the locomotive, suppose it is going up a 
hill at a speed u> ml The electric machine must be acting as a motor, and 
so in order to have a negative I, we must have 

V. > k w , 

B ml 

This condition son be accoirp'l ished by adjusting the supply voltage Vg, or 
by adjusting the field strength (which affects k) to make to^.suff Iclemtly 
small. Now, after passing the top of a hill, in beginning to coast down, 

u „ will increase. At any speed o _ where 

m2 ma: 

V 0 < k w 0 

B m2 0 

the machine will act as a generator, because the current will have reversed. 

8-1. Electromotive Forc e of ,_a_d^c..Hach i ne 

As Indicated In the introduction, the condi tjons relevant to induced^ : k! 
emf depend Only on the motion of armature conductors In a magnetic field. 

Such motion is present In either a motor or generator, and so the principles 

which govern induced emf are the same for both. 

As you have seen in the consideration of induced emf (see programmed 
text) the emf depends on the rotational speed, the distribution of flux 
around the alrgap, and the number of turns of wi re on the armature, and 
the number of commutator segments. For a given machine, the armature.. 
windingTs constant, and the”fTux“dist ributlon can be-assumed-to-be-reasonably 
constant, although the total flux distri but idnjinay yabyiaiighfiy;- n •' 

* * - t si \W I I i * i • * r 



J 



\ 
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V 






1 If E is the emf of a given machine, it is therefore true that it is 

. proportional to speed and to the airgap flux. ahdthus cari* be written 

i * 

V - E = k_<t> w 
s Em 



'(8-3) 



8 



where k^ is a proportionality constant which will vary from machine to machine. 
(What does k^ depend upon?) 

Referring to Fig. 8-2, the flux $ in this expression Is the total flux - 

' * » 

through a plane P-P 1 located as indicated in the figure. For the flux and 
rotational directions shown in Fig. 8-2, the emf will be into the paper (indicated 







by the X symbol) for all conductors to the right of P-P 1 , and will be out of 
the paper (indicated by the • symbol) for all conductors to the left of P-P*. 

The armature connections are such that half of these conductors are in series 
between the brushes, to produce emf E. Note that no reference direction is shown 
on the diagram for E, because the end connections of the armature conductors 
and commutator are not shown, making it impossible to define a reference direction 
for E for this particular diagram. 

8-2 Torque of a d-c Machine 

When the machine portrayed symbolically in Fig. 8-2 acts as a generator, 
the currents in the armature conductors are in the same directions as the emfs, 

I 1 

~as~ Tnd TeatecM 7T“fh~a~tn fi"gUTeT~lf the machine is acting as a motor, the currents 
\ are reversed, as discussed in the introduction. Thus, Fig. 8- 3a would represent 



v ' 



o 
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1 relative directions of rotation, flux, and current, for a motor. Thecorrent 
reference^d$r*ctforisrshovwi~WtH : :be~; for armature current I g , which Is 

also shown on the equivalent circuit in Fig. 8-3b. Thus, motor action will 
be associated with positive values of I . (This is opposite to the reference 

2 direction in Fig. 8-1, the change having been made because we want to 



concentrate on operation of a motor.. 




By making this change we will avoid 



: — ''VWW 




ections (b) 

gure 8-3* 



5 having always to consider I as negative. However, this change was quite 
arbitrary, and was unnecessary.) 

The current in each armature conductor will be I /2 (Why?). Thus, 
considering a pair of diametrically opposite conductors, as in Fig. 8-4, - 

.6 each will experience a force as indicated. Specifically, if Is the 




Figure 8-4. 

magnitude ~of flux density a ir each -pointy-- B— has-the valuesindieated— in 
the figure. Let Tf n be a unit vector out of the paper. The force on 




8-5 



1 conductor .'(I)*. \ 1 be : u : ( .1) 



F X = < S n * V 



and the force on conductor (1 * ) will be 






(-B ,)(-I )t 

F. , = -K 8 (g X J ) 
1* 2 - n r 



B .U . ^ 

- 4 ^- (3 .x u ) 

2 n r 



The directions of the unit vector products are indicated in the figure. 

It is evident that these forces are additive in producing torque about the 
axis of rotation, giving a torque 



T U' - W 



(8-4) 



Each pair of conductors will produce a similar effect, and so the total 
torque will be a sum 

^ T = T-| t + T.j p t 4- . . . etc. 

* I Q rZ (Bm 1 + + . . .) ; 

The sum in parentheses is proportional to the total flux 4> passing through 

6 the rotor. (Why is it proportional rather than equal to the flux?) Thus, 

we can absorb r and l in proportionality constant which depends on the machinels 
dimensions, to yield 

T a k_I <t> (8-5) 

7 

as a relation that shows how torque varies with the essential variables I 

d 

and 4>. 

T is a scalar quantity in this expression, having the reference direction 
q shown. That is, when T is positive it will be in the direction of rotation , 
confirming the earlier finding that positive values of I Q will correspond 
to motor act ion. 



«K 
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8-5 Speed -Torque Curves 

Much information about the operation of motors is obtained by a consideration 
of how speed varies with torque. This is because a mechan tc* 1 "load ’Is characterized 
by a' drtvirtg' torqbe;,: which also is a function of speed. Thus, if speed torque 
curves of a motor and a load are plotted on the same set of axes, they will 
intersect at the operating point. 

The two equations 

' (a) 



) 



V = k c 4>w 
s cm 



(8-6) 



T = 



= V 1 , 






and the equivalent circuits shown in Fig. 8-5 provide the information needed 
^ to predict how speed of £ wotor WU1 tvary with torque!. 



V 



B 




(a) Shunt 



Figure 




8*4 Shunt Motor 

Figure 8-5a illustrates a shunt motor, the word "shunt" referring to the 
fact that the field coil is "shunted across". the armature. The fiald current 
can be adjusted by means of a field rheostat R^(a means of speed control, as 
we shall see) but in the absence of such an adjustment, <t> remains constant. 

From the equivalent circuit 



Is = V B - V* 



O- 



or 



k E% = V B - Va 
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P 1 Also, from Eq. (8-$b), I, * t/y giving 



D 



k E% = V B " ^k T ^ T 



or 



V B /. 

w m ” kg^. " 



w 



& 



(8-7) 



ft. fet of U) vs. T curves for several values of 4> (or If) Is shown In Fig. 
8-6f Curves of I fl vs. T are also shown by the dashed lines. Labels 1, 2, 
and J indicate progressively increasing values of <t> =(or increasing If) • 




Figure 8-6. 

_ Huch can be learned from these curves about the operation of a shunt 

motor. Suppose it is required to start such a motor when its shaft is 
connected to a load for which the torque is i ndependent of speed (say starting 
a locomotive on a hill), and that the field strength corresponds to curve 3- 
q The constant torque is represented by the dashed vertical line through T^. 

Since the initial speed is zero, the initial torque provided , by the motor 
will be the intercept T„. The difference (T $ -T^) is available for acceleration. 
This would seem to be satisfactory. With increasing speed there would gradually 
^ be less accelerating torque, as indicated in the figure, and steady speed would 
be reached at point Pj However, for any motor there Is a value of I # which 



*The straight-! ine curves assume ♦ Is independent of*X a , which is not exactly 
true due to armature reaction (see programmed text). 



3 



should not be exceeded, to avoid damage due to overheating. Suppose I 
is such a value. From the dashed curve (3) it is evident that the current 
limit would be exceeded at the start. Thus, although the motor would run 
satisfactorily at point under this specified load, it would not start 
properly. 

Starting can be accomplished within the current limitation by temporarily 
inserting additional resistance in the armature circuit. As an explanation, 
from Eq. (7) it is seen that increasing R will increase the slope of the 

d 

curve, as shown by the curve labeled M increased R 11 in Fig. 8-7* With this 
increased R , steady speed will be reached at ? 0 . If the added resistance 
is then removed, operation will shift, to the original curve, and the motor 
cirque will jump to Tq, and so the difference Tq-T.^ is available for 
acceleration. Acceleration wi 11 stop at point P^. 

This is a normal procedure for starting a. shunt motor. As shown in Fig. 
8-8, a high current- capacity resistor is provided with a series of taps which 
are contacted sequentially by a sliding arm. The number of taps depends on 
the characteristics of the load. For example, whereas one step was sufficient 
for a load torque T^, for a greater torque, say Tg, two steps would be required. 





Figure 8-8 



1 A still larger number of steps would be required to start along curves (2) 
or ( ’) of Fig. 8 - 6 ,: : .which correspond to a weaker field. (Do you see why?) 

In reference to Fig. 8 - 8 , it should be observed that the field coil is 
directly across the source. That is, the starting resistor is not placed in 

2 the line to the motor. (Why not?) 

By using the example of a constant torque (independent of speed) we have 
seen how the operating point at constant speed Is determined by the intersection 
of the speed torque curves of the motor and the load* The constant torque curve - 

3 (vertical line) typifies situations where the load torque is due to the pull of 
gravity, as in the previously cited example of a locomotive on a constant slope 
incline, or a building elevator. 

Of course, friction always provides some of the load torque, and this is 

4 not independent of speed. Dry friction is nearly constant, but decreases 
somewhat after motion starts. A fan is a totally different type of load, 
having a torque which is nearly proportional to the square of speed. These 
three examples are illustrated in Fig. 8-9* 




t V 

8 The effect of ...using a field current. adjustment to increase speed is 

seen to be related to the characteristic of the load. For example, tth^urvie ( 3 ) the 
fad and \$ffv il ty dfcoadd bi bfcl c.'be‘ vdni van ~*ti r&onstaijifc speed s ^feslented Mttdppdtfi ve 1 y 
by points P Q and P fa . If the field current is decreased, shifting the motor 

9 characteristic to curve (l), operation will be respectively at points P fl ! and P^*. 






! 

\ 

* 

8~io 



1 The speed lo.f the fan will increase less than the speed of the gravity load, 
because the torque requirement increases with speed. 

The characteristic curves of shunt motors display the property of relatively 

smal 1 variation of speed over the operating range, for fixed field current. They 

% 

, 2 are therefore useful in driving loads which should maintain nearly constant speed. 

On the other hand, shunt motors have the disadvantage of not being efficient 
for starting loads which have high torque demands at low speed, such as gravity 
loads. As an explanation of this, refer to Fig. 8-10, which includes the motor 
j 3 and load speed-torque curves, the I vs. torque curve, with the indication of 
the maximum safe starting current 1^. Suppose this maximum starting current 
is twice the rated current for operation at constant load, which we shall call 
I r . Furthermore, suppose the load torque is such that at constant speed the motor- 
b will operate at rated power output, which means that I r will be the value of 
I g . This constant speed operating condition is indicated by point P in Fig. 

8 - 10 . 




8 Figure 8-10. 

We are interested in the maximum starting torque.. This is T , which is 
twice T^, as a result of torque being proportional to current. Thus, for 
this particular case, the torque available for acceleration is T -Tj*T, . 

9 This amount of accelerating torque might be unduly small, resulting in an 
undesirably slow start. F r * r “ loads having small starting torques as, for 
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1 example, a fan, the small accelerating torque would be less of a disadvantage. 

In summary, we have shown that for a shunt motor starting up under a constant 
torque load^near its maximum torque (as determined by I r as the maximum 
armature current), the torque available for acceleration will be equal to 

2 this maximum torque. 

Series Motor 

If the field excitation is obtained by connecting a field coil in series 
with the armature, as in Fig. 8-11, the resulting machine is called a series 

3 motor . Comoared to the shunt case, the series field coil will have a relatively 
small num • f turns, because the armature current can be large compared with 
the current in a shunt coll. 
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Series 

Field 

Coils 



Figure 8-11. 

The general properties of the speed-torque curves can be obtained from the 
two basic equations 

k E% " V B - Va 



r “ “r «, 



by; making $ proportional to 1^. To do this is somewhat of an approximation, 
because in reality 4* is related to in accordance with a non 1 i nea r magnetization 
8 curve. However, in the interest of simplicity, and since we are not interested 
in quantitative "ie tails, we shall use the linear approximation 



<t> « 




( 8 - 8 ); 



9 where Lisa constant which depends upon the number of turns on the field 
$ 

coil, and dimensions of the magnetic circuit. 
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Substituting Eq. (8-8) for <fr in the above equations yields 



2 




(a) 



(b) 



(8-9) 



For a given machine, the quantities in parentheses are constants. Equation 
(8- 9a) can be written 



field coils. Now that we are ready to interpret the above formula, let us 
simplify it by writing 



expresses the desired relationship between speed (w^) and torque (T). 

This formula shows the interesting feature of infinite speed when torque 
q is zero, and has ttie general form shown in Fig. 8-12, for two values of V ft . 
Regardless of the value of Vg, current and torque are related by the same 
curve, shown dashed in the figure. The zero torqde condition is never 
actually realized because there is always some friction in the machine, 

^ which has been neglected. here. 
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and from Eq. (8-9b), f (kj-k^) . Therefore, 




or 




^ Of course, since the field coils are in series with the armature, in the above { ) 

equations R a is the sum of the armature resistance and the resistance of the 
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so that 
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Figure 8-12. 
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Series connected motors inherently have more widely varying speed, as a 
function of torque, than shunt i motors:;. Accordingly, they are useful in 
applications where load torque remains relatively constant over long periods 
of time, and vvhere the load can never be removed . The latter condit ion is 
necessary to prevent "run away" at no load. Most small series motors will have 
enough losses due to friction to^pnevent damage if they are accidentally unloaded, 
but a large motor (l hp. or more) can be very dangerous if allowed to run away, 
because centrifugal . force can cause it to "explode". Railway traction motors 
are of the series type. 




Speed control, and starting conditions will be discussed in terms of Fig. 
8-13. Let P represent a desired operating point for a load requiring a torque 
to be driven at a speed This will determine the particular value of 

source voltage V^, this being the voltage for the characteristic curve passing 
through point P. 

The condition portrayed is the most severe possible in regard to starting, 
because the operating point is the full capacity of the machine, by which we 
mean that the armature current (as obtained from the I vs. T curve) is the 

d 

maximum allowable value (l r ) for continuous ru nning. A s before, we shall 
assume that during the temporary starting interval the armature current can 
be allowed to reach a value, I = 21 . 

If the motor were to be started "across the line", the starting torque would 
be T g ^, with a corresponding current I g ^, as indicated, which is in excess of 
1^. The allowable starting torque T g g can be obtained by projecting down from 
the current-torque curve at the point corresponding to I m « Two curves, 
labeled (2) and (3) are shown which yield T g g at zero speed. Curve (2) is 
obtained by shifting curve (l) downward a uniform amount throughout its 
extent. Referring to Eq. (8-10) we see that this change is accomplished 
by increasing kg,^or increasing R^j. Curve (3) is obtained by multiplying 
co + kg by a constant factor. This explains why the reduction in going 



m 



from curve (l) to curve (3)f-is greater at high values of w . Referring 



m 



to Eq. (8-10) again, it is seen that the; change to ; curve?. (3)i jsi 9*>t4i had by 
reducing the source voltage Vg 8 / 

Thus, it is seen that there are two methods of holding the armature 
current within tolerable limits when the speed is zero, on starting. One 
method is to insert additional resistance in series with the motor, the 
other is to reduce the supply voltage.* Although curves (2) and (3) are 
slightly different, either one will provide adequate starting. The motor 



You may wonder why reduction of supply voltage was not mentioned in 
connection with starting a shunt motor. This would be possible if two 
sources were available, a fixed voltage for the field and a variable one 
to supply armature current. Reducing the voltage to both would result in 
weakening the field and perhaps would reduce the torque to the point where 
the machine would not start. 
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1 will be allowed to come up to constant speed (at points Pg or P^) , and then 

the additional resistance will be taken out, or full voltage will be applied, 

* 

at which time progress to the final operating point would be as indicated by 
the arrows. 

2 We now make an important observation. Since torque is proportional to 

the squa re of current, the starting torque is and hence the torque 

available for acceleration is kT 1 - = JVy This is the worst possible 

. condition, where T^ corresponds to rated current, and is the same case 

3 considered for the shunt motor, where it was found that the torque available 
for accelerat ion was T^. Thus, the series motor supplies three times as much 
accelerating torque as the shunt motor, when started under conditions of constant 
load torque of maximum allowable value. For lighter starting load torque, the 

4 advantage of the series motor is slightly greater. The difference is, of course, 
due to the difference between the linear (T proportional to I ) relation for the 

Q 

shunt motor and square law (T proportional to I 2 ) for the series motor.* 

d 

From the standpoint of getting the motor rotating, tt makes little 

5 difference whether series resistance is inserted, on the supply voltage is 
reduced. Conditions affecting the choice can be appreciated when we consider 
speed control. It is evident from Fig. 8-13 that curves (2) and (3) both 
provide reduced speed for a given load, and therefore that the two methods of 

6 starting also comprise two methods of speed control. 

A choice depends on considerations of efficiency. A series resistance 

• \ 

absorbs power, and so variation of supply voltage is a more efficient way to • 
control speed than by inserting a variable resistance. Thus, in applications 

7 where speed control is needed continuously^ the increased efficiency of the 
variable voltage method may be definitive in indicating a choice of that method, 
although it involves a more expensive installation in the form of a separate 

motor 'generator set.** ‘ ’ . ’ 

8 ~ 

It is to be observed that the numbers computed above depend upon the arbitrary 
statement that starting current could be allowed to be twice the maximum allow- 
able running current. If this factor had been three, the accelerating torque 
would be 3T,-T 1 =2T 1 , and ^^-T-j^T, respectively for the shunt and series cases. 

X A. X XXX 

9 Or possibly a rectifier with controllable output voltage, if the d-c supply is 
obtained by rectifying an a-c source. 
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Shunt generator 
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Figure 8-14. 

Two examples of variable voltage speed control are shown in Fig. 8-14. 

6 

The system a.t (a) is used where d-c power is available from a constant 
i voltage source. The source is connected to a nearly constant -speed shunt 
motor which drives a separately exc i ted generator (meaning that the field 
current is independent of its own armature voltage). The strength of the 
^ field of this generator is controlled by a field rheostat which, there- 
fore, also controls the voltage at the terminals of the generator armature. 
This is also the supply voltage for the series motor. A system like this 
q would be applicable, for example, to the drive for a building elevator. 

The continuous use of such a system would warrant the initial expense 
of the mo tor- genera tor set which would not be needed if resistance control 
were used. 

9*. The system shown in Fig. 8-l4b embodies the rudiments of a diesel - 

electric locomotive. In this case the generator voltage is determined by 
appropriate setting of the generator speed (as controlled by the engine 
throttle) and the setting of a field rheostat Rg. 
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1 8-6 Commutator a-c Motors 

In the shunt and series d-c motors described in the previous sections it 
can be seen that the direction of rotation is i ndependent of the polarity of 
the source. A change in source polarity will change the field flux direction 

2 and also the armature current direction. Reference to Fig. 8-1* will show that 
when both of these are reversed, the torque will still be in the same direction. 

One might therefore expect that such motors would also operate satisfactorily 
on alternating current. This expectation is correct for a series motor, but 

5 not for a shunt motor. Let us first briefly consider why the shunt connection 
will not operate on a-c. The field coil and armature circuit, which are In 
parallel across the supply vol tage, wi 1 1 each be inductive and, carry^iCurrents* which 
will not be in phase with the supply voltage, nor necessarily in phase with each 

k other. On the other hand, in order to produce torque, it is necessary that the 
field current (and hence flux) and armature current shall be in phase (so that 
the product $1 shall always be positive). Although this might be arranged 
in the shunt connection for a certain operating condition, any circuit change 

5 for the purpose of speed control or starting would involve changing armature 
or field resistances, and would disturb the phase relationship between flux 
and current. Furthermore, since the field coll has a high inductance, both 
armature and field currents would lag the voltage by nearly 90°» The result 

6 would be operation at low power factor , which means an excessively large 
current for the amount of power delivered. Thus, for these practical reasons, 

a shunt connection is not satisfactory for a-c operation. / 

The series motor does not suffer from these difficulties for the reasons 

7 that the series connection ensures that the field and armature current will be 
in phase, and the relatively few turns of a series field coil yields a low 
enough inductance so': the power factor will not be excessively low. 

This discussion is not meant to imply that any d-c series motor can be 

8 operated on a-c. The main difference is that for a-c operation the enti re 
magnetic circuit must be laminated to reduce eddy current losses associated 
with the continual reversal of the magnetic field. In a d-c machine, the 

flux reverses in the rotor only, and so it must be laminated, but the stationary 

9 part of the magnetic circuit (yoke end pole- pieces) can be solid iron. Thus, 
an a-c series motor can be operated on d-c, but not vice-versa. 
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Commutator a-c motors are particularly pommori in: small, sizes/ being 



the typical motors for low power household applicances like vacuum cleaners, 
mixers, sewing machines, and the like. 

It should be pointed out that a-c commutator motors are an exception to 

2 the general statement made in the introduction that there is no difference 
between a motor and a generator. If mechanical power is applied to drive an 
a-c commutator motor, it will produce d-c. 

8-7 The Induction Motor 

3 Applications requiring near l:y i. constant speed .rtotprs ! (similar to 
the d-c shunt motor) are served by a-c induction motors, which we shall now ' 
consider briefly. Unfortunately, an induction motor is much more difficult 
to analyze than its d-c counterpart, but at least enough theory can be 

4 presented here to discuss i:t.s important - chae&cter.i:st Icsi . 

As a first step, consider Fig. 8-15a, which is a reproduction of Fig. 4l 
of the programmed text, with the slight modification of showing pairs of coil 
sides placed in slots. Figure 15b shows the same arrangement, uncluttered 

5 by the end connections. These figures represent the stator winding of an 
induction motor. Again referring to Fig. 15a, assume an a-c source is 
connected to terminals 1 and I?, and let have the reference direction 
shown. An alternating current will flow in the individual coil sides shown 

6 in Fig. 15b, with reference directions as indicated by the X and • symbols. 
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Figure 8-15. 
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This figure serves to remind you that coil connections are such that at any 



an axis and producing flux having a. reference direction 'indicated by the arrow. 

Twenty or more coils would be a more reasonable number for a practical 
machine. Figure 8-l6a shows the coil sides. for a ten coil winding. This figur 
is introduced to develop the notion that in an actual machine coil sides are 
separated by a small angle 8, and therefore that the actual condition is not 



Fig. 8-l6b. This idealization is introduced because it makes the subsequent 
analysis simpler than it would be- if we were to bother with the details of 
individual coils. In other words, we are proceeding on the basis of the 
hypothesis that this approximation wi 1 1 lead to an adequate theory, with 
justification depending upon agreement with experimental observation. 



instant of time currents to the right and left of line P-P 1 always flow in 





much different from the idealized continuous distribution of current shown in 
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end connections 
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Figure 8-16. 



